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PREPACE. 


Important progress has been made during recent years in 
the theory of linear difference equations. Previously the 
development of this subject had lagged far behind that of 
the related field of linear differential equations, as a result 
of certain intrinsic difficulties which called for the introduction 
of new ideas and methods. The first of these new ideas 
was that of asymptotic representation, which was developed 
by Poincaré and applied by him in 1885 to the study of 
ditference equations.* About 1910 effective methods of 
attack were devised almost simultaneously by Nérlund in 
Denmark, Carmichael and Birkhoff in this country, and 
Galbrun in France.+ These four mathematicians all succeeded 
in proving in different ways the existence of analytic solutions 
of linear homogeneous difference equations and studying their 
properties. Since then considerable further work has been 
done along the same lines both by these and by other 
investigators. 

Up to the present time no attempt has been made to 
provide the student with a convenient introduction to this 
new field, in which so many problems still await solution. 
The only book which deals with the theory from the modern 
standpoint is the recent one of Nérlund;f while this is of 
ereat value to the advanced student in furnishing a general 
view of the literature of the subject, its failure to give a 


* Amer. Journ. Math., 7 (1885), pp. 203-258. 

+ Norlund: Bidrag til de lineaere Differensligningers Theori (Copen- 
hagen, 1910). Carmichael: Trans. Amer. Math. Soc., 12 (1911), pp. 99-134. 
Birkhoff: abed., pp.’ 243-284. Galbrun: Acta Math., 36 (1912), pp. 1-68. 

iV orlesungen. tiber Differenzenrechnung (Berlin, 1924). 
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systematic presentation of the elements of the theory renders 
it unsuitable for the beginner. The aim of the present book 
is in part to fill this need by affording as simple and direct 
an approach as possible to the fundamental facts and ideas 
of the theory, and in part to extend the boundaries of the 
subject by studying certain important exceptional cases which 
have hitherto defied analysis. 

No knowledge is presupposed of the student beyond the 
elements of the theory of functions of a complex variable. 
In the first chapter various topics relating to difference 
equations are dealt. with, and the reader becomes acquainted 
with some of the fundamental concepts and methods which 
he will need later. The second chapter is devoted to differ- 
ence equations of the first order, including of course the well 
known gamma function, all of whose principal properties are 
derived in a simple and direct fashion.’ To increase the 
value of these two chapters to the student a set of exercises 
is added at the end of each. 

In the third and fourth chapters a detailed study is made ot 
the hypergeometric difference equation, i. ¢., the linear homo- 
geneous equation of the second order with linear coefficients. 
The theory of this equation presents most of the main points 
of interest of the general theory of linear homogeneous 
equations of the nth order with rational coefficients, yet 
without the excessive complication and abstractness of the 
latter, because concrete and explicit formulas can be obtained 
throughout. For this reason it affords an admirable introduction 
to the general theory. The form of treatment employed aims 
to familiarize the student both with the methods of Birkhoff, 
who bases his work on the divergent power series which 
formally satisfy the difference equation, and with those of 
Norlund, who makes extensive use of the Laplace trans- 
formation and of factorial series and other expansions. For 
similar reasons the hypergeometric equation is sometimes 
used in the form of a single equation of the second order, 
and sometimes as a system of two equations of the first order, 
each form having certain advantages which the other lacks, 
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The third chapter deals with what is called the “general 
case” of the hypergeometric equation, in which the two roots 
of the characteristic equation are assumed to be finite, distinct 
from each other, and different from zero. It is this case 
which has almost exclusively been treated hitherto. In the 
fourth chapter the theory is extended as far as possible to 
the “irregular cases”, in which the above conditions are not 
satisfied. It is in this chapter that most of the new results 
in the present book are contained. It has been found possible 
to work out the theory of the cases where one root of the 
characteristic equation is zero, or one infinite, or both, almost 
as completely as that of the general case. In the remaining 
cases, in which the roots are equal to each other, considerable 
progress has been made, but further investigation is still 
required before the theory can be considered complete. 

The author desires to express his gratitude to Prof.C. R. Adams 
of Brown University for reading the manuscript of this book 
and making numerous helpful suggestions, and to the National 
Research Council for its aid in publishing the work. Above 
all is he deeply indebted to his friend and former teacher, 
Prof. G. D. Birkhoff of Harvard University, under whose 
euidance he first studied difference equations. The general 
spirit of the method of treatment adopted in the first two 
chapters, as well as many of the details, are due to hin, 
and his generous aid and counsel have been a constant in- 
spiration to the author throughout. 


P. M. BATCHELDER. 
AusTIN, TEXAS, 
December, 1926. 
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CHAPTER I. 
Fundamental ideas. 


§ 1. Difference equations. 


A difference equation is a functional equation of the form 


O(x, f(x), S(E+ 1; ee AG ale n), 


(1) AC Roe Gh a Ae 


where @ is a given function of the mdependent variable x 
and the values of the unknown functions f(x), g(a), ---, k(x) 
at the set of points x, «+1, «+2,--.-. The more general 
case in which the interval between the successive points is 
any real or complex number , instead of 1, can be reduced 
at once to that above by the substitution «= oz’, f(@2’) 
= g(a’). The variable « we shall take to be complex: 
x=urtiv (u, v veal, i= V—1). 

A difference equation in which the values of one or more 
of the unknown functions at # and x-+-n both appear, but 
not their values at v+n+1, x+n+2,.--, is said to be 
of the nth order. 

If @ is linear in all its arguments except a, the equation 
is called linear. We shall consider only linear equations in 
this book. The general linear difference equation of the nth 
order in one unknown function y(~) may be written 


An (a) y e+) + an—1 (2) y(e@-+n—1)+-+-+ do (a) y (x) 
= b(z), 
where the coefficients ay (x), Gn—1(X),'-+-; do (x), b(z) are 


known functions. If b(~) = 0, the equation is homogeneous, 
otherwise it is¢mon-homogencous. 
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The funetion 
ya) —yer)—yo 


is called the dfference of y(x). The difference of this, namely 
Ay (a) = A(Ay@) = y+ 2)—2ye+1) ty), 

is called the second difference of y(x), etc. The nth difference is 

Ay (2) = y(v+n)—ny(@t+n—1) 


nie y(n na ee ee 


These equations may be solved for yiv+1), y(v7+2), ---. yr tn), 
elving 

y(a+1) = y@)+Ay(a), 

ya 2) = ya) 2Ay@) + Aye), 


n(n—1) 4. . ia 
y(atn) = y(a)+ndy(a)+— Us 2 A® y (a) ++ = +» -- Amy (a). 


If these are substituted in eq. (2) the latter takes the form 
An (x) A” y (x) + An— (x) A" 1 y @) +---+ Ao@) y(a) = OG). 


It was this notation which led to the name “difference 
equation”. 

Instead of a single linear equation of the nth order, we 
may have a system of » simultaneous linear equations of 
the first order 


3) - ys (es 1) = Ds Oy (0) yj: (ae) + be (ae) 4 SS 2 ae 
J=1 


involving » unknown functions y;(7). Such a system is 
essentially equivalent to eq. (2). For many purposes it is 
more convenient than a single equation; it has greater 
symmetry, and with the aid of the matrix and determinant 
notations it brings out clearly the analogy between ntl order 
and first order equations. On the other hand, the .single 
equation is superior in that a single unknown function is 
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isolated and its explicit dependence on the known coefficients 
is stated. In the present book we shall not confine ourselves 
exclusively to either form. For = 1 the two forms coincide, 
and we have, as the simplest example of both, the equation 


(4) y (a+ 1)—n (x)y (x) = re (xr), 


which is studied in Chapter I. 

For the most part we shall consider only difference 
equations whose coefficients are rational functions. In seeking 
solutions of such equations we shall limit our attention to 
functions which are analytic in the finite part of the complex 
plane except for poles. 


§ 2. Periodic functions. Summation. 
Consider the special case 7; (x) = 1, r2(~) = 0 of eq. (4), 
namely 
(5) ear Wael) —y (a) == 0. 


This is obviously satisfied by every function whose value 
at a-+1 is the same as its value at x, 1.€., by every periodic 
function of period 1. Periodic functions of unit period are 
of great importance in the theory of difference equations, and 
play there a role analogous to that of simple constants in 
the theory of differential equations. Eq. (5) may be written 
Ay(x) = 0, which shows that these periodic functions are 
functions whose difference is zero, just as constants are 
functions whose derivative is zero. 

A periodic function of period 1 is determined over the whole 
plane by its values in a vertical strip of unit width, say the 
strip between the axis of imaginaries and a line parallel to 
it one unit to the right (including one boundary but not 
the other). Such a strip constitutes a fundamental region 
for the periodic function. The limitation imposed at the end 
of § 1 will make it unnecessary for us to consider any 
periodic functions except such as are analytic, apart from 
poles, in the finite part of a periodic strip. The simplest 
analytic function, other than a constant, which has the period 


a 
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Lis 2”, Most of the periodic functions whose explicit forms 
we shall obtain will prove to be rational functions of ¢””. 
Throughout this book, when periodic functions are mentioned 
it is to be understood that the period is 1, unless a different 
period is explicitly stated. 

It is evident that if the values of a periodic function p(x) 
are considered along a line parallel to the axis of reals, the 
same values are repeated over and over as x moves to the 
right or left. Hence if p(x) approaches a constant limit as 
a> along every such line, we can conclude that it is 
identically equal to this constant. 

The following theorem from the theory of functions of a 
complex variable, which we quote tor later reference, is useful 
in finding the explicit forms of certain periodic functions which 
appear in the course of our work.” 

THEorEM. If «a periodic function of period 1 has no 
singularities except poles in a fundamental period strip, and 
approaches a definite value, finite or infinite, at each end of 
the strip, it is a rational function of ee. 

Consider now the equation 


(6) y(x+1)—y(x) = 9); 


this states that the difference Ay(x) of the unknown function 
is equal to the given function y(z). Hence the problem of 
solving it is equivalent to that of finding a function whose 
difference is known. If.we denote by the operation 


which is the inverse of that indicated by A, we may write 


(7) CAG 8 i Se (x) 


as a solution of eq. (6). This operation is known as swim- 
mation; it is analogous to integration, and for that reason 
is sometimes called “finite integration”. Eq. (7) is a selution 


* Cf. Burkhardt-Rasor: Theory of Functions of a Complex Variable, 
p. 275; or Osgood: Lehrbuch der Funktionentheorie, I Qnd ed.), p. 466. 


1p PERIODIC FUNCTIONS. SUMMATION 5 


of eq. (6) in the same sense that i) p(x) dx is a solution of 
the differential equation dy/dxz = (x). The evaluation of 
the sum, like that of the integral, is often a problem of 
great dithiculty; in fact, the sum may not exist, just as the 
integral may not exist. 

Tf y,(@) and ys(z) are any two solutions of eq. (6), we 
see by substituting them in (6) and subtracting that 


yx (e@+1)—ys (2+ 1) —[y. @) —y2 @)] = 0, 


i.e., their difference is a periodic function. The most general 
solution of (6) is therefore obtained by adding an arbitrary 
periodic function to any particular solution. This arbitrary 
periodic function corresponds to the constant of integration 
which is added to an indefinite integral. 

If g(x) is a polynomial, its sum is a polynomial of the 
next higher degree, which can be obtained in any particular 
case by the method of undetermined coefficients. Following 
are a few examples of sums; they may easily be verified by 
forming the difference of the right-hand side. 


: a(a2—1) 
== 708 GR —-; 
4 
| =| ee x “ ae 
—— oe ah SS SS 
n ae ; a—1’ 
Nel (yee 
ezntin _— ee sin 2 == — ages Care ) ; 
2sin 4 


One method of evaluating the sum y(x) is as follows. 


By replacing « successively by x 
we see that 
y (x) = p(@—1)+ y(w—]) 
== (gL) 


1, x—2, etc. in eq. (6), 


Gig 2) a G (2—= 2) 


(8) = 9 (¢-—-1) +o @—2)+---+ 9 @—n) + yen) 


@ (ee —1) +++ (e—n + 1) 


ai ey to ‘ 
* | denotés’ the expression A 
n n! 
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similarly, 
y(2) = —9@) +y@+) 
= ee ge a as 


(9) Me So Ly )—.--- ote t+ n)+ y(t n+i). 


Tf now we let »—, we obtain the two series 


ice) 
10) eo) = Seo—m), lo) = —Yye +m, 

n=1 n= 
which formally satisfy eq. (6). They may be termed the 
symbolic solutions to the left and to the right respectively. 
If these series converge uniformly in any region, they represent 
analytic solutions of eq. (6) in that region. For example, 


let p(x) = (w—a)-*; then the series for y(a) converges 
uniformly in any finite region of the plane from which the 
points a+1, a+2, --- have been excluded by small circles 


drawn about them, and that for y,(7) in any finite region 
from which the points a, a—1, a—2, --- have been similarly 
excluded. The solution y(~) in this case has poles of the 


second order at 2 = a+1, a+2, ---, which we will call 
the points congruent on the right to a, and y,(x) has poles 
of the second order at x = a, a—1, a—2,.---, or at a and 


the points congruent to it on the left. 
Further discussion of summation will be found in the next 
chapter ($ 3); ef. also $7 of the present chapter.* 


§ 3. Fundamental systems of solutions. 
General solution. 


Consider the linear homogeneous difference equation 


(11) ay (x) ya + 2)+ an—a(x) yaw + n—1)+---+ ao (x) y(x) = 0, 


whose coefficients a(v) are rational (or, more generally, 
analytic) functions of a If y, (x), ye(x). ---, yn (x) are 

*For a detailed treatment of the subject of summation, see.the first 
half of Nérlund’s Differenzenrechnung. } ; 
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particular solutions of this equation, it is easily seen by direct 
substitution that 
Dr (a) yr (%) + po (x) ys (@) ++ ++ + pn (a) Yn {), 


where the p's are arbitrary periodic functions of period 1, 
is also a solution. As previously indicated, we limit our- 
selves to the case where the y’s and the p’s are all analytic 
in the finite part of the plane except for poles. If there exist 
n periodic functions not all identically zero such that this 
expression vanishes identically, the solutions y; (7), y2(7), +++, Yn (w) 
are said to be linearly dependent; otherwise they are linearly 
independent and form a fundamental system of solutions. 

In determining whether a given set of solutions form 
a fundamental system or not, the following theorem, due to 
Casorati, is helpful. 

THEOREM. A necessary and sufficient condition for the linear 
dependence of the solutions y, (a), yo(x), «++. yn(a) is the 
identical vanishing of the determinant 


| yi (x) Y2 (x) sso ae) 7) (x) 
Div) = 1% (z--1) y2(%—+ 1) + Yn(a+ 1) IP 
y(e+n—1) y(wtn—1) --- yxle+n—l) | 


We will call D(x) the determinant of Casorati; it plays the 
same part for linear difference equations that the Wronskian 
does for linear differential equations. 

To prove the condition necessary, let the y’s be linearly 
dependent; then 


ps (x) ys (©) + po (@) Yo (x) + +++ + pn (&) Yn (2) = 0 


identically, and by replacing « by x +1, 7+2,---,a+n—1 
we have also 


Py (x) YN ee ae pe (x) Y2 eae Neer 
+ Pn (XL) Yn (a + 1) = 0, 
B@ypletyrDt+ aw) yp@ru—)+--- 
j + pn (2) yn (2 +n—1) = 0. 
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For any particular value of x which is not a pole of any 
of the periodic functions nor a zero of all of them, these 
form a set of linear homogeneous algebraic equations in 
the n quantities p, (x), po(x),---, pn(~). Since not all of 
the latter are zero, it follows that at every such point the 
determinant of the coefficients, which is D(z), vanishes. But 
each element of D(x) and hence (x) itself is an analytic 
function; consequently, since it vanishes everywhere except 
possibly at a set of isolated points, it must vanish identically. 

Conversely, if D(a) vanishes identically, let Yy (x), V2 (x). -+-. 
Y, (x) be the cofactors of the elements of the last row; we 
will assume for the moment that at least one of them, say 
Y, (x), is not identically zero. Then by well known properties 
of determinants* we have identically 


Y, (a) ys: (a) + Vo (x) yo (x) +--- + Yn (a) Uy here 
Le Me) Vy eae a Vie Go) ee 

ee)) | = i Yn (x) yn (a+ 1) == {f)- 
| 
| 


Yi (a alts Bi yl pee nes pen sy 

Ae pnt Sa) == Da) oe 
The cofactors of the elements of - first row, apart from sign, 
are Yi(x-+1), Yo@+1), ---, Yn(w+1); hence we have 
similarly 
| Yifat+t Dy) + Yo(at+ VD ye(e)+-.- 

+ Y, oe 1) yn) = £DW) — 
ACERT RCP a bie 


(13) == Yao+ Dynte+ - Oz 


Fie 1) yn (@+n—1) + Yo 24+ Diplet ai) + 
a Y» (aS Lea Gee -- nN —-1) = — 


Equations (12) form a set of linear homogeneous equations 
of rank n—1 in ¥, (x), V2 (x), +++, Yn (wv), and hence determine 
uniquely the ratios Y(x)/ V1 (w), «--, Yn (w)/ V1 (a); these-are 
analytic except for poles, since they are rational. fuhetions 


Of. e. g. G. Kowalewski: Determinantentheorie, § 20. 
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of the y’s. Equations (13) form a similar system in Y,(~#+1), 
Y3(@+1), ---, Yn(w+1); since the coefficients are the same, 
the solutions are the same, so we have 


Gory. Ge) | Yet re) 
melee vate). * ky, (w+ J) proto e 


i.e., the ratios are periodic functions. Hence if we divide 
the first equation in (12) by ¥, (x) and write 


V2 (a) 2) — Ant) 
SAO CE Drie) = Yi (a) 


we have the identical relation 
Dr (x) ys (&) + po (a) Yo (x) + +++ + pn (x) yn (x) = 0, 


where pi(~) at least is not identically zero; hence the solutions 
yi(x), y2(x), --+, Yn(x) are linearly dependent. 

In case all the Y’s vanish identically, we observe that 
Yn(x) is the determinant of Casorati for the 2—1 solutions 
y(x), y2(x), +++, Yn-1(x), So it follows by the argument above 
that these »—1 solutions are linearly dependent, and hence 
all n solutions are linearly dependent, since we can take 
Dy (xv) ==.0 identically. 

The importance of a fundamental system of solutions of 
eq. (11) is due to the fact that if y(x), yo(x), ---, yn(x) 
form a fundamental system, every solution can be expressed 
in the form 


(14) y(x) = pile) ys @) + pox) yo (x) + +--+ pn (%) Yn (2) 


by a suitable choice of the periodic functions. To prove 
this, let y(7) be an arbitrary solution, and consider the 
equations 

( (ey y(e+n) + an—i(e) ye +tu—l) + 
; ‘as ROMO == 0; 
din (x) ys (a + 2) + Gn—a(a) ys: (@-+n—1) + -- 
a + ao(a) ¢ n @) — 0, 


Cy ian Ln 2 Bayete gi i oe e Line sa 
++ ao(a) a ) = 


Pil) = 1, p(x) = 


(15) 
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which express the fact that y(a), yi(z), +--+. yu(w) are 
solutions of eq. (11). We may without loss of generality 
assume that not all the coefficients a(x), ---. d(x) vanish 


at the same point, since if they did we could remove the 
zero by dividing the whole equation by a suitable factor. 
Hence for every value of a we have 


y (a+ n) y (2@+n—1) et eye) 
Yi e +n) m(xatn—1) --- yx) . 
| : spe ane, 
Yn | Gos a! Yn (4 + NM 1) es Yn (x) 


from which it follows by Casorati’s theorem that a relation 
of the form 


p(x) ya) + pr(x) ys (x) +--+ + pn (%) yn) = 0 


holds identically, where p(z) does not vanish identically, 
since y1(x%), yo(z), -+-. yn(~) form a fundamental system; 
solving this for y(~) gives an equation of the form (14). 
iquation (14) thus represents every solution of eq. (11). and 
is therefore called the general solution. 

The particular periodic functions needed to express a 
definite solution v(x) in terms of a given fundamental system 
yl), yor), +++. Yn(w) may be obtained by solving the 
equations 
pi(%) yr (x) + pa (x) yo(a) + +--+ pa(x) yn(x) = y(a), 
pr (xr) Yi (x ark) ae p2 (x) Y2 (x a 1) = aS 

bi Pa (w) Yr (we + 1) = g@-+ 1); 


PL) (eo = er ge: You Peet ae 
+ pale) yn(w+n—1) = ywtn—l) 
LOY py (22). sla). == per), 


§ 4. Homogeneous equations with constant 
coefficients. 
If the coefficients a(~) in eq. (11) are all constants, ‘the 
equation is easily solved. For simplicity we will take n = 3, 
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but the methods used apply to equations of any order. We 
consider then the equation 


(16) ag y(@ + 3) + day + 2) + a y@ +1) + aoy(x) = 0, 


and assume that a; | 0, a + 0, since otherwise the order is 
less than 3. 

Let us set y(v) — 0” u(x), and seek to determine the constant 
o and the function w(x) so that this will be a solution of 
eq. (16). If we express u(w+1), w(v+2), and w(x+3) in 
terms of the differences of w(x) (ef. § 1), eq. (16) becomes 


0” (a3.0° + age? + a, 0 + do) u(x) + 071 (Baz 0? + Zaz 0 + a4) Aula) 
+ o®t? (3a; 0+ az) A? u(x) + of Fas AP u(x) = 0, 


or, if we cancel the factor e” and set 


. aan 3 ; 2 
JAG) —= G2 0 S- 0210" 00 Ay; 


Oa Gar 0y AO) Ama) -0 = A” ue) 
(17) aie 


Let 0;, @2, and es be the roots of the characteristic equation 
S(e) = 0. It we set o equal to one of these and w(x) equal 
to a constant, eq. (17) will be satisfied, since the difference 
of a constant is zero; hence particular solutions of eq. (16) 
are 0”, 07, 07. If the roots of the characteristic equation 


are distinct. these form a fundamental system, for 
D(x) = (01 G2 Os)” (G1 — 02) (02 — 03) (03 — @1), 
which never vanishes. ‘The general solution is therefore 
of Pia) + OF Dy x) + esp, @), 
where the p’s are arbitrary periodic functions of period 1. 


If the characteristic equation has two equal roots, say a, = @2, 
then f (o,) == 0, and for o = 0, eq. (17) becomes 
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ee its A? WMD) aa Ce A’ u(x) = 


which is satisfied if w(x) is a constant or a polynomial of the 
first degree. Particular solutions are therefore of, xef, of, 
and the general solution is 


ef lp, @) + ep, @)l + ¢5 


for D(a) = 0?”t! 0? (e,—.,)”, which never vanishes. 

If all three roots of the characteristic equation are equal. 
thens./” (0:) == (6; == 0) vandicalle the sterms or vequ, cue! 
vanish except the last; it is satisfied if w(a) is any polynomial 
of degree not greater than 2. Particular solutions are 
ov, xev, x07, and the general solution is 


stn 
fla) +22) + pa @): 


in this case D (@) = 20977, 

Difference equations with constant coefficients have many 
applications in other branches of mathematics, both pure 
and applied. The recursion formulas, for instance, by which 
each term of certain series is obtained from a number of 
preceding terms, can be regarded as equations of this sort. 
A simple example is furnished by the nambers of Fibonacci: 


OW: Ly2t BOs. as, hos dese 


in which each term after the second is the sum of the two 
preceding terms. If we call the terms (0), y(1). y(2), 
we have for positive integral values of x 


Hae 2) y se 1) = y ee) 0, 
The roots of the characteristic equation 
o’?—o-—-1 = 0 


awe 4(1 +1 5), and the general solution is therefore. 


oes | eens ’ nes | 1— Lae . 
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where ¢, and cs may be considered as constants instead of 
periodic functions, since x is limited to integral values. The 
values of c, and c which give the numbers of Fibonacci 
are obtained from the fact that y(0) = 0 and y(1) = 1, 
namely c, = 1/1 ayy, Cc = —1/V5. The general term of 


the series is therefore 


: 1 ieee Ve cee 1—=V5\ 
Ss aang: ( cai url aoe | 


§ 5. Non-homogeneous equations. 
Consider the non-homogeneous linear difference equation 


(18) An (x) yx + m) + an—1 (x) yx + 2 —1) +--+ + ao) y (x) 
er === Ipi(ya). 
The equation obtained from this by ities be) s=="00 15 
called the associated homogeneous equation. Solutions of eq. (18) 
can be derived from those of the associated homogeneous 
equation by a method analogous to that of “variation of 
constants” used in solving a non-homogeneous linear differential 
equation. 

Let y, (x), yo(x~), ++-, yn(%) be a fundamental system of 
solutions of tthe associated homoyeneous equation, and set 


19) y@) = a@y~@+a@yw@+-+en@) yw: 


we seek to determine the functions « (x), ---. ¢n,(a) so that 
y(x) shall be a solution of eq. (18). Replacing « by «+1, 
and writing cx(z+1) = «(x)+Ac(x), we have 
yerl= a@n@ti+ e@y@+l)+--- 
Cn (x) 4 Yn (x a 1) 
tia) n@+)+se@m@t)+- 
+ A p(x) ie awe) |. 


Suppose the c's are so chosen that the expression in brackets 
vanishes identically, Replacing x by ~-++1 again, we have 
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y(o+2) = ae)y@+2)+ ele) y@+2)+-:- 
+  ¢n (a) yn (a + 2) 
+ [Aa (&) y: (e+ 2)+ Ae (a) yo +2)+--- 
+ AGh (x) Yn ‘es S= 2)] : 


and again we assume that the expression in brackets vanishes 
identically. Continuing in this way, we have finally 


yatn = aw)y~A@tn+ ae@)ywetnt-:-- 
+ n(x) yn(a +n) 
+ [Ae (x) y: @+ 1) + AG @) yo (ean) +-- 

+ Atn (x) 4 Yn ee n)] . 


and in this last equation we will retain the terms in brackets. 
Multiplying these n-+ 1 equations by do(a), a, (a), +++, Qn(~) 
respectively and adding, remembering that y, (~), ---, yn(x) 
are solutions of the associated homogencous equation, we 
obtain the equation 


D(x) = ayn (x) [Aer (x) yy (w@ +n) + Ae (x) yo (a+ n)+- 
+ Ac, (x) Yn (xe + n)] ‘ 
To determine the Acs we now have the following 


nm equations: 
ae tne ae SAC t) Yn le 1) —— QO. 


ee Pre a 1) he Acn (x) Yn (a+ 2—1) — 
Ac (x) ys (a +n) + +++ A tn (2) Yn (a + n) = + 


The determinant of the coefficients is D(*+1), which does 
not vanish identically, since the v’s form a fundamental system: 
hence these equations determine uniquely the differences 
AGUS) oa AG, Gole lneraet, 

Mux (x) =o (a) 
D(~+1) an(x) 


where Mnx(a) is the cofactor of the last elementin thé 
Ath column of D(a + 1)*. The c’s themselves can be obtained 


Aa) = (ie ==) Bers eae 


*Tf n= 1, Mixx) is to be replaced by 1. 
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by summation. Putting in (19) the values thus obtained, 
we have 


S Myi(x) 1 
(20) yo) = S08 en me 


as a solution of eq. ve 
As an example of this procedure, consider the equation 


y(a+2)—Ty@4+1)+6y(a) = 


The associated homogeneous equation has the linearly in- 
dependent solutions 1, 6”, for which 


| 1 §2+1 | : 
DESI) =, 42| = 30-6", 
and M,, (x) = — 6**1, Me.(x)=1. Hence 


— 76771 
yin) = \N— 
BN) S 30-67 + aN 30-6" 


1 Be 

eget ae: 30 ~~ 6” 

- Lee 6” f 30x +s) 
dD 9 F 30: 25 . 67 
a AIG i 


10° 50. 15° 


If 4,(~) and 72(x) are any two solutions of eq. (18), we 
see by substituting them in the equation and subtracting 
that their difference is a solution of the associated homo- 
geneous equation. Hence the most general solution is ob- 
tained by adding to any particular solution the general 
solution of the associated homogeneous equation; this gives 


(21) ya) = 4@) +m1@) nm@)4 ---+ pale) yr), 
where 4(~) is a particular solution of eq.(18) and p,(~), «++, pala) 


are arbitrary periodic functions. Thus the most general 
solution of the.example above is 


ATTRPCURNY COTI PCR tT TppavnYd 
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a Me Ge get, oes Lass 
pile) + 8° pal)— 9 + 55 498 ° 


Another method of handling a non-homogeneous equation 
is to reduce it to a homogeneous equation of higher order. 
If we replace « by «+1 in eq. (18) and multiply by b(@), 
we have 

b(x) [an @ + Dy@tn+1)t+---Fa@tly@+ DI 

= b(x) b(a@+1); 


if we multiply eq. (8) by b(~+ 1) we have 


b(x-+1) [an @) y@+n)+-+-+ a @y@)I 
= b(x) 6-1). 


Subtracting one of these equations from the other gives us 
a homogeneous equation of order +1, which must be 
satisfied by every solution y(x) of eq. (18). It is also 
satisfied by every solution of the associated homogeneous 
equation, since these make the expressions in brackets in 
the last two equations vanish. Thus we obtain for our 
numerical example the third order equation 


ey (a+ 3)—(8e+1) y@4+2)4+ 0324+ y@+1) 
—6(¢+1)y¥@) = 
which has the linearly independent solutions 1, 67, and 


Be Oe 


1 
10 ' 50 125° 


§ 6. Asymptotic representation. 

The idea of asymptotic representation plays an important 
part in the theory of linear difference equations. For our 
purposes it may be defined as follows. Let /(~) be a function 
of the complex variable « defined on a ray which starts at 
some finite point « and goes to «, and let 


“ 


Y s S2 | y y 
Se) = s+ - at = Ag vine es 
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be a series in 1/2, convergent or divergent; then if there 
exist, for every », positive constants MW and R such that 


= (ete 


when |2 Af on the ray, .f(7) is said to be represented 
asymptotically by S(av)-[in symbols, f(2)~S(x)] along the 
ray. The constants Wand #& in general depend on ». More 
generally, if f(x) is defined in the sector 6, < arg (a— «@) < 6. 
of the complex plane, we will say that /(x) is represented 
asymptotically by S(x) in this sector if the above inequality holds 
when « > in the closed sector 6,-+ ¢< arg (w— a) < 0.—e, 
where ¢ is an arbitrarily small positive angle. In this case 
M and R# depend on « as well as on nv. If f(x) is also 
detined on the boundaries of the sector, and if the inequality 
holds when «| > in the closed sector 6, < arg(w—.«@) < 4s, 
we will say that f(z) is represented asymptotically by S(x) 
in the latter sector. 
The definition may also be stated in the form of an 
equality, namely 
Ss Sy On (XH 
ee 


where | 6, (x)|< M when |x|> 


If we replace n by n-+1, 


and set 
x 9s 
we may write nq 
. s ee, one) 
(2) TY 85 44 * a aemay ses 
where lim «, (x) = 0. Still another form for the definition is 
L— > OO 
Bt Sn, 
lime? | fe) (0 +—+...4 “| ih 
wae 46 ae 


As a simple example,* consider the function 


oC t 
Foes oa 


* Whittaker Sad Watson: Modern Analysis (3rd ed.), p. 150. 


9 
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where x is real and positive and the path of integration is 
the positive axis of reals. Repeated integration by parts gives 


2! 
qf (x) a ey ae ae Fee FAS 
(—1)" (n—1)! eo get 
Be ee = = (ayent | mpi At. 


We are thus led to consider the infinite series 


. 1 1 2! (—1)"n! 
S (a) = a ) ts a ao = Ft 


This is obviously divergent for all values of x; however, if 
we let S, (x) denote the sum of the first » terms of S(x), 
we have 


F(a) 


roe 6) 
. ( 
S,, (x) | == i) | «pe dt 


Accordingly, by the definition above, /(7)~S (x7) along the 
positive axis of reals. 

The value of f(x) for large values of x» can be calculated 
with great accuracy from the asymptotic series. In this way 
a divergent series may give almost as much information 
about the function which it represents as a convergent series 
would do. In fact, in cases where both convergent and 
divergent series representing a function are known, the latter 
is often preferred in numerical computation because fewer 
terms are required to obtain the value of the function with 
the desired degree of accuracy. 

The laws of operation for asymptotic series are essentially 
the same as those for convergent series.* The most important 
for our purposes are the following. Let f() and g(x) be 
two functions of , and “ 


“For a general treatment of asymptotic series see Ford: Stutlies on 
Divergent Series and Summability, Chaps. I-III. ~ 


. 


16 ASYMPTOTIC REPRESENTATION 19 


Ss ; So ® 
SQ) am tot e+... 
£ LZ 
a) SAS: 
T'(xr) — to + ! — a —t- «+e 
x ri 


two infinite series. convergent or divergent. Let S,(x) and 
T,,(7) denote the sums of the first 7 +1 terms of these series. 
1. If f(4)~S(x) and g(x)~ T(x) in any sector, then 
Sa) + g(a) ~ Sr) + T(r). 
For, by eq. (22), 


23) fl) = Sy) + 22), ya) = Tr) + 2, 
LL 


adding and subtracting. we have 


_ n(x) + én (x) 


Sia) +9 (ce) = Srv) + Ti (x) 


Since both ¢,(x) and ¢,(x) approach zero as >, the same is 

true of their sum and difference: hence f(z) + g(x) ~ Sa ya T(z). 
U. Lf f(a)~S(x) ond g(a)~ T(z), then f(z) g(a) ~ S(x) T(x). 
For multiplying eqs. (23) together, we have 


So hr Sy ty 7 1 %0 tn Dr eae to 
Ay Ye 


f (2) g(x) = 8% ty +$— 


ie Sn (x) en(a) + Tn OLA n Ae 


git 


where lim 7(z) — 0. Since S,(~) and 7;,(x) approach the 
xr > 


finite limits s and f respectively as ~>@, the numerator 
of the Jast term approaches zero. The other terms on the 
right consist of the first 7+ 1 terms of the product S(z) T(x); 
therefore, by (22), f(z) g(z)~S(z) T(z). 

Il. Lf f(z)~S(z) and g(x)~T (x), and if ty + 0, then 
S(@)/ga~S(a)/T (a). 

If we divide 1 by the series 7'(~), we obtain formally a series 


is 3 Wy L Us i 
Pie, es wh | 
- T(z) x i 


ins 
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since 


(24) g(a) = Tn(o) + 22), 


1/g(x) is equal to 1/7 (x) to terms of the nth degree, so 
we may write 


(25) ; 


g(x) 


where U;,(x) is the sum of the first 2+ 1 terms of the series 
1/T(x). If we multiply eqs. (24) and (25), we have 


= 0G) |Get eee 
We may write 
DG) P(e) — de 


where lim 4(x) = 0, since Un(x) and T,(x) are the first 
wr > oo 


n-+1 terms of the reciprocals 1/7(x) and 7 (x); hence 


On{x) = (x) He Un () é En (o) 
ve g(x) 


Since the numerator approaches zero and the denominator 
approaches the value ¢ + 0 as z>%, we see that lim e, (7) —0. 


No 
It now follows from eq. (25) that 1/g(x)~1/T(x), and 
consequently, by I, that f(~)/g(~)~S8(a)/T (a). 
IV. If f(x)~S (x) in the sector 6, < arg (w@— a) < 65, then 


< f(@)~ 
where «' is any point in the first sector. 

The second sector lies within the first, and is bounded by 
two rays parallel to those bounding the first sector. Let d 
be the distance between the closer of these two pairs ‘of. 
parallel rays; a circle C of radius d with center at any point L 
of the inner sector will then lie wholly in the outer sector. 
Differentiating eq. (22), we have 


d ; 
ee S(x) in the sector 0,< arg (~w—e’') < 6s, 
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eee eS 
ad G@& ; a? a? 
NSn, n En (x) 1 hae ee 
gntt git + yn Lae En (x). 


By Cauchy’s integral formula, 


‘ a ee 1 i En (t) dt 
ioe (2) = } 


227i Jo(t—ax)?’ 
where the integration is around the circle C in the positive 
direction. Since lim ¢,(7) = 0, we have |ép(x)|<e« for 


CL > CO 


lx ~-R, where « is an arbitrarily small positive constant. 
If we take |2|>R-+d, then for all points of C we have 
lén()|<e, so that 


rE [ae eae 
| ——— € ge ze — —. = Ss —_ = ‘ 
De le Oe I. a d 3 
fxs . 5 e 
where « is arbitrarily small. Hence 
d Gy ee n (x) 
res (x) ] Sn (%) a 
where 
; , : d NEn (a 
f(a) == im | — €,(x%)— | 1) 
L> ow L—> ev da a, 
; : , dre . : : 
in the inner sector; i. e., ——f(x)~ S(x) in this sector. 
ahaD dx 
Let 
g(4) = mtaarter 


be a function analytic in the neighborhood of « = 0; the 


series will then be convergent inside of some circle |a| = +. 
Let 
2 Sy So | 
Se) = = 
(#) x oe! 


be a series in, 1/x without a constant term, convergent or 
divergent. ~ 
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V. Lf f(a)~S(x) m a sector, then 
9 (f(x) ~c + 4 S (x) + @[S@)P+---, 


where the last series is to be arranged im powers of 1/a. 
Since the series for p(x) converges when |x” <7, 


g(f@)) = otaf@+---+Falfoerre@Oifor™. 
A ee 
where (x) is bounded, provided |f(~) <7. But ff) < a 
when |x|>>& in the. sector, so evidently f(x) < r -for 
sufficiently large values of «. For such values 


eee iB, ; We 
FG) Cf OE) ae hy CO as Time: 
If we write 
51 Sn On (a ) / : On (x) 
(gy ws | ma er = n(x) Pe 


and expand the powers of /(~), arranging the terms in powers 
of 1/x, it is clear that the left-hand side of the last inequality 
differs from 


|f (7 (x) ge CO eal Sr (x) a eh en 2 [Si, (a) |" 
only by terms of degree n or greater in 1/7. Hence 
i J Y ’ = M’ 
|g (f (x)) SK Oa In (x) SSP [S), Cal ae in 


for sufficiently large values of x in the sector: i. e., 


p (f(x))~ eo +  S@)+ ce [8 (x) ]?+.--.. 


VI. A function cannot be represented asymptotically by two 
distinct series in the same sector. 


For if 
5 Ss} : Sz \ 
BBO DEN ee Te eect Dare 
aC £ 7 
and 
t is ba 


F(a) ~ by + t= fo. ., P 
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we have by subtraction 


Sy ==1h) Seas 
x 1 on 


O ~ sy — to + a 
but this cannot::be true unless s—% = 0, or s = &; 
multiplying by x, we see that we must also have s, — 4, ete. 

An interesting consequence of this uniqueness of asymptotic 
representation is the fact that an analytic function /(~) cannot 
be represented asymptotically by a divergent series S(x) in 
the complete neighborhood of « = co. For if it could be so 
represented, it would be bounded in this neighborhood and 
equal to sy at the point a — «©, and hence would be analytic 
there. Its expansion in a convergent power series would then, 
by V1, necessarily be identical with the asymptotic series, 
which contradicts the assumption that the latter is divergent. 

We shall find it convenient to extend our use of the symbol 
tor asymptotic representation to the following cases. (a) If 
(2) — a(x) ~ S(xv), where a(x) is any function, we write 
S(a)~a(v)+ S(x). (b) It f@)/a(~)~S (x), and if a(x) does 
not vanish for |x| > R, we write f(x)~a(x) S(x). (ce) If 
F(a) = fiz) +f (x), where fi (x)~S; (x) and fo (a) ~S2 (x), 
we write f(7)~S, (x) 4- Ss (x). 

In connection with (b) it should be noted that the meanings 
of the relations f(7)~a(x)-0 and f(@)~O0 are entirely 
different; the former means that lim | L(a) | 

a0 | a(x) 

latter that lim x” |f(~)! — 0. For example, in the right 
20 

half plane we have I~1 and at the same time 1~e”-0. 

Sometimes the statement “f(z) is asymptotic to S()” is 
used for brevity instead of ““/(~) is represented asymptotically 
by S(x)”. 


== 0, and the 


§ 7. The function © (x, 7, k). 
As an application of the ideas of § 6, we will study the 
function* : 


*This is an example of an important class of series of the form 
Xen g (w+ n). _- Of: Carmichael, Trans. Amer. Math. Soc., 17 (1916), 
pp. 207-232; Bull. Amer. Math. Soc., (2), 23 (1917), pp. 407-425. 
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1 r we 
(26) @ a ’; k) 5 ak ae : (7+ 1) oh (2+ 2)\e Se % 
where /: is an integer and |7| <1. It may readily be verified 
that Mis a solution of the difference equation 


1 
Ho 


(27) TY Cor Nd Oe 


he 


In this study we need the following lemma, which will also 


be useful later. 
LemMa.* Jf k is a ree integer = 2, then 


al 1 fs Weir 3, 
& es = ; = = a 
ae ) lo + a Pee tes . a 
when x is in the right half plane, and 

< 2 2 fim 7 | 
5 eee © ja Ge 
ie 2 Ge Wer ae 


when x is in the left half plane. 
When « lies in the right half plane w is positive, so that 


lata? = wtnPtv’>wtet nt = |x/?+ n?, 
whence 


2) oo 9) 
) See es Semi roe NO! 
nao (at ale AZ (lel? nl? ~~ fale? eh (lal? 4+ 1?) 


1 ie Ji i dn ea 
: Vie tee lac]? roa |? + n? 


When «x lies in the left half plane, 7 is negative, and the 
series may be written 


Sy Ls eee SI | 
=o [Cu nj? + vf? 1 Ae [Ce + n)? + oF? 
1 ~“ 1 = 


lv? no (wn)? +e? 


* Cf. Birkhoff, Trans. Amer. Math. Soc., 12 (1911), p. 248. } : 
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the last sum is not decreased if we replace jw+ | by the 
largest integer which does not exceed it, so we have 


rie.) 
al 1 


eae, % 2 1 ln 
Str ee 
nm la tnik ~ lol Hod n> Fe ae ies ag me 0 net? 
A similar argument shows that 


rae < 1 ee, 1 7C 
(30) 2 iia ie << Vy |k-1 | l t _ 


lw 


3 —1 


when « is in the right half plane and 


(31) 


Sy 1 ae | us, 5 


j - i ol ee 
nao |e — nik elie 


when «x is in the left half plane. 

THEOREM. Jf jr|<1, the function O(x, r,k) is single- 
valued and analytic throughout the x-plane when k <0, but 
has ‘poles of “the kth. order at 2 = 0, —1, —2,.-:+ when 
k>0O. It satisfies the inequality 


(32) \D(e, r, ki < oe (M a constant) 


at all ae x sufficiently far from the negative axis of reals. 
If y=1 and k=>2, O(a, r,k) is analytic except for poles 
of the kth order at x = 0,—1, —2,---, and satisfies the 
mequialities 


tees M 
(33) D(x, ry hk). < ape? | Pa, r, k)| < >= Tye 


im the right and in the left half planes respectively, except 
close to the negative axis of reals. 
+n— +" 


The ratio of the (n+ 1)st term to the nth is r ee Ti 


If x lies in the. right half plane, we have for sufficiently 
large values “of ” 
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where ¢ is arbitrarily small. If 7,<1, we can choose « so 
small that jr (1+ ¢) = e<1. Then from a certain point 
on the series is less term by term in absolute value than 
the convergent series 


(35) ted tetet--): 

hence @(7,7,k) converges uniformly in the neighborhood of 
any point in the right half plane, and so represents there 
a single-valued analytic function. Moreover, if |x) is suf- 
ficiently large, say |x > R, (34) will be true for al/ values 
of n, and hence every term of @(7,7,h) (except the first) 
will be less in absolute value than the corresponding term 
of (35). Hence, when |z| > in the right half plane, the 
inequality (32) is satisfied, where 


oie ies J 


iesay 


Jf » lies in the left half plane, an integer 4 can be chosen 
so large that «+4 — a, is in the right half plane. The 
part of the series after the Ath term may be written 


yh d ee ee — i es 
Cee a ee ed 


and the argument above shows that this converges uniformly 
and represents a single-valued analytic function. The sum 
of the first 2 terms is a rational function which has poles 
of the kth order at x = 0, —1, —2, --- if k>0. Hence 
M(x, 7,k) is single-valued and analytic in the entire finite 
plane when 7/--1. except for poles of the Ath order ‘at: 
wi 0, 1, —2, es when k= 0) Sifvaeis any pom ‘in the 
left half plane for which v|> R, then |a-+n|!>R for all 
values of n, and as before the inequality (32) is ‘satisfied. : 
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s] 


lit — Ihewer have 


1 1 1 
Fee yh Gee oF 


If & < 1 this series diverges, but if & = 2 it converges 
ee in the neighborhood of every point except « = 0, 
—1, —2,.--. where it has poles of the kth order. Replacing 


the terms of the series by their absolute values, we have 


See et 
FEN re Aw = pa Wed i ; 
and it tollows from (28) and (29) that the inequalities (33) 
are satisfied; if we exclude the part of the plane within 
the distance « of the negative axis of reals, we can take 
M-—2/e+ 7. This completes the proof of our theorem. 

When 7+ = 1, eq. (27) is of the form (6), so ®(a,1,k) is 
the sum of the function —1/x*. It is the symbolic solution 
of (27) to the right; the symbolic solution to the left is 
(—1)*+1 ©(—2, 1,4) + 1/2". 

We will now obtain the asymptotic form of W(x, 7,k) for 
large values of x, under the condition that |r/<1. (The 
case + = 1 is considered in the next chapter.) Let a have 
any definite finite value, and consider the first m-+1 terms 
of ®, where m is the greatest integer less than $ 7|. In 
any of these terms we can write 


O(x,1,k) = State 


(36) @Ey a 


ee i oe sall 


where n is any positive integer, and 6(j/x) is bounded, say 
\a(4/x)|)< M, Gj = 9,1, 2,---, m). The sum of these m-+ 1 
terms is thus 


ne 


5 Sofi ade CHT 


en m 
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But we have 


1 grt 
io ys = - ; 
, = 7 Umea 
m d 
, Ao 
i —— gv! ee 
1 ai dr 
= a —ymri LG ages | ie. +| 
(1—vr)? 1—» (1—r) 
nr 
da, 
Ce jf ey 
p> are 
Hence, since m-- 1 = s\a) and ir) < 1, 
| 1 
a = 


bw 
al 
~ 
t 


; ro Il 2 : : ; 
Since |r|? approaches 0 more rapidly as a increases than 
any power of 7, we may write 


1 
Uh == 3 


mi) (x) 
ir" 


. 
Bhs 


where +(x) is bounded for large values of 2. 
have 


Similarly we 
r _ © (x) 
(= 
; (aay? 7) as 
rr 
== ‘ 


, ta) 
A—Pr i & 


— aN : 
7m? C0Gs, 


where the «’s are all bounded for large values of « on account 
of the factor 7”*! which appears in each one. If we let 


) 


i | ea M,, 
45 

ic.2) 
alrlis 


«(x)/a" denote the last sum in (37), we have. since | @ (- 


2) | 


Gy 


where Ms is the sum of the convergent series }) 7 \/7”! “The 
function +(x) is therefore also bounded. < 
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For the remaining terms of @(~,7,), in which 7 > 3) x\, 
we have if k>0O 


| | ai 
- aD —(1+(ri|+ir??+--..) @> 0), 
| J=mt1 (a@+j Di al i ja| 


z ecg lr |i |?+---) (a <0). 


Hence, if we exclude a narrow strip on each side of the 
negative axis of reals, we may write 


co yi : ql’ x) 


Stn © ERE 


where «’(7) is bounded for large values of ~. The same 
result is easily seen to hold when k< 0. Combining this with 
our previous results, we have 


Te do p44 eR aan _ U@) rr) 
HV, Mt ak . gh gaa Sail n gplit+n ain 
If now we set 
1 r ee ) r he ie 
% = =, § = — LE SS, Be = ete, 
s 122"? —r)?’ a—r) 
we have 
8 So | Sy | Sn - t (x) 
he ok wht ie ie = gk : aktn ? 


where the function 


v(@) = (2) — hrs (@) +--+ ed tn (ae) + oe) +0"(@) 


is bounded for large values of a. Since n is any positive 
integer, we have by the definition in § 6 


Sy 
Dix, i, Kye armies e 


This holds for the entire plane when k<0, and everywhere 
except near fle negative axis of reals when k > 0. 
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Exercises. ; 


1. Evaluate oe See resales Ne S evs x. 


2. Verify that 


S ula) Av(e) = ula) v & a S vie +1) Au(x). 
3. Form the difference equations whose general solutions are 
(a) aps (x) + 2* po (a); 
(b) xp.) + pala); 
(c) xp; (a) +2” ps (x) + 12” ps (x). 


(Cf. the method for differential equations.) 
4. Prove that the determinant of Casorati satisfies the 
difference equation 


DiGi ae nes 


n(x) 
5. Find the general solutions of the equations 
(a) 2y(a@-+- 3)—dyla-+-2)-- yle 1) 2y@) == 
(b) y(e--3)— y@--2)— Sy@-Al)+1l2y@) — 0; 
(c) y(x + 3)+6y(2+2)+12y(a+1)+ 8y(x) = 0: 
(d) yla+4)—4y(a+3)+8y(2+2)— 8y(~7+1)+ 4y(7) = 0. 


6. Find the general solutions of the equations 
(a) y(a@+1) —2y(x) = 2"; 
(b) y(a+2)—By(~a+1 rellei =n 
ae +2 
(ce) y(@@+2)—2 = y@ti)t+ = t* ya) = x42 
bs 
(cf. ex. 3(a) cil 
7. Investigate the asymptotic form of the series 
eae 1 | 


a @-ie Galo bi 


(a) in the right half plane; (b) in the left half plane exclusive 
oD the strip’) pak Si 


I EXERCISES ah 


8. Determine the asymptotic form of the integral 


200 I 
| ode (GLU anes 


where x lies on the positive axis of reals. 
9. Discuss the asymptotic form of the function 


F(x) = @ -|- eve of rn 


where is a primitive cube root of unity. 
10. Determine the asymptotic form of the integral 


ric.2) o—t 
e 
—— dit 
‘i ae 


throughout the entire plane. 

11. Show that @(@, 7, k) is identically equal to its asymp- 
totic form when <0. 

12. Investigate the convergence and asymptotic form of 
O(x, —1,k). 
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CHAPTER If. 


Equations of the first order. 
The gamma function. 


§ 1. Homogeneous equations. 


In this section we will study the homogeneous linear 
equation 


(38) y(a@+1)—r(a@) y(a) = 


where r(x) is a rational function. If y,(~) and y2(x) are 
any two solutions, their ratio is a periodic function, for 


w@+tl)  r@y~@ — w@) 
ys (a+ 1) r(x) y2(x) ya (ax) 


The most general solution of (38) can therefore be obtained 
by multiplying any particular solution* by an arbitrary periodic 
function of period 1. 
From eq. (388) we have 
y(a) = rla—1)y(e@—1) 
= ay, C as —- 2 


(39) == ren eee ye —~n). 


Likewise 
1 
y (x) = eye (2-1) 
Lf ] 
*. r@) ret rd) AS a 
(40) ! i 


ets Sees ee r+n : 

r(x) r(w+1) r(x a yet 7 ); 

*In discussing homogeneous difference equations we shall” ine general 
disregard the trivial solution y (x2) = 0. 
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Letting 2 become intinite, we obtain the two symbolic solutions 


io, @) ive) 


1 
yy aa) = KE),  Y. (2) Se ee 
a1 n=o ? (7+ n) 
To investigate the convergence of these infinite products, 
write r(v) = 1+ r'(x); the convergence then depends on 


that of the series S)r’(a—n) and >’r’(w7-+n). Expressing 
r'(~) as the quotient of two polynomials a(x)/b(x), we see 
that if the degree of b(~) exceeds that of a(x) by 2 or more, 
these series converge absolutely and uniformly in any finite 
region from which the points congruent to the zeros of b(x) 
have been excluded by small circles drawn about them. In 
this case the products converge uniformly in any such region, 
and yz (a) and y,(~) are single-valued functions, analytic over 
the whole plane except for poles. The poles of w(x) lie at 
the points congruent on the right to the poles of r(x), and 
those of y,(x) lie at the zeros of r(x) and the points con- 
gruent to these on the left. 

Let us now attempt to find a power series in 1/x% which will 
satisfy eq. (38). The rational function r(~) may be written 


c Cs 
(42) ay = [c se 2 i - 


where w is an integer and co +0. Direct substitution shows that 
a simple series cannot in general satisfy eq. (38), so we will 
multiply it by some suitable exponential factors, and substitute 


/ i Sy So 


yo) = 2 a8 s+ +e | 


in eq. (38). Using the expansion 

ae il \ ax 
(a+ ] awa = (Gi aa ie gli (1 al 
an log( 1 2 ) 


1 t.° 1 ‘ 
= (a+ es oe hie Cn 272° 3.8 e) 


1, \2 a ey ee a | 
25 wytt+O ; xO) Sees Swi: mel ree 


== (a a £2 Gh o 


34 LINEAR DIFFERENCE EQUATIONS 


and removing the factor 7%” b” 7” from both sides, we have 


\ 4 ad pas ii) 1 
bh axnt @(1— so +.. ; (1 — | |. a tee : | Ses | 


Ld 
= w(t }(y+— +. . 


Expanding both sides into power series in 1/a, and equating 
the coefficients of like powers, we see that we must have 


@ =="; DE, == CrBinc 
So | \ : 
D ef 2 | ad SO aimet === (380 a COS1s ete. 


These equations serve to determine the quantities «. ). d, 


Sy So 


; namely 
a) So 
of == ft b= te, 
(6 2 So 2) \ Gj. AZ 


so is arbitrary, since a solution may obviously be multiplied 
by an arbitrary constant. The equation from which sj; so is 
determined is 
/ Cia 
he aes k se 8% (\— > + @ + d| >: | 


. — 


; | 
= @ Ski Sk 


and if we put in the values already obtained for a,b, and d 
we see that the terms in s;.1 cancel and the coefficient of 
se reduces to —/krco, which is different from zero. Hence 
all the coefficients of the series can be uniquely determined, 
apart from the arbitrary constant multiplier. Eq. (38) is 
therefore satisfied formally by the series 


d . 


We naturally inquire under what conditions this* series 
converges. If it does converge for x > R, S(a”) represents 
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an analytic solution of eq. (88) in this region. If « makes 
a negative circuit about the point oo, S(x) is multiplied by 


5 u 
270 (+ axe 
: tap ¢ 2 : : 
Ere o q , on account of the multiple-valued factors 
G, u 


ce? and a 7 But an analytic solution of eq. (38) cannot 
be multiple-valued, as we shall see when we obtain the general 
solution [cf. eqs. (51) and (74)]; hence we must have w = 0 
and ¢,/¢ — an integer. If this condition is satisfied, the 
function 


1 / 
a Ss Ss 
S(x) Siig ee Cy (s t = a r a8 | 


is analytic outside the circle |z| = &, except for a possible 
pole at x» —o; inside this circle it has no singularities 
except poles, as is evident from eqs. (39) and (40), in which 
n may be taken so large that a—mn and x+n-+1 lie out- 
side the circle; hence it must be a rational function R(x). 
Substituting c” R(x) for y(x) in eq. (38), we see that 


(45) TO ere ae 


Conversely, if +(x) can be written in this form, eq. (38) has 
the solution y(x) = ¢” R(x), in which F (x) may be expanded 


Cae beng | 
into a convergent power series in —. Hence eq. (45) is a 
XL 


necessary and sufficient condition for the convergence of S(x). 

We see, then, that eq. (38) is satisfied formally by two 
symbolic solutions yi(~) and y,(”) and by a power series S(a), 
which may converge under certain conditions, but in general 
do not. Solutions of these types are characteristic of the 
most general homogeneous linear difference equation, and 
the essence of the proofs of our existence theorems will be 
a suitable modification of the symbolic solutions, with the 
aid of the series, .so that they will converge. We proceed 
to obtain by this method two analytic solutions of eq. (38). 


or 
o 
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Let 7'(x) denote the sum of the first k terms of S(x), i.e., 
T(x) = a(x) Sx (x), where a(x) denotes the product of the 
exponential factors and S; (x) the sum of the first # terms 
of the power series in (44). For large values of x, T(x) 
may be regarded as an approximate solution of eq. (38); for 
we may write 

So) = ala) 1 (a) + Ef ao ? 


whence we have formally 
‘ s oO 
Selo D]S (x ae ook ao 


HES) 
as esi Be 


T(x+1) . S(e+1)_- 
Ay 7S (0) 


She (of Slr 10) 


Sk 
(ati 


dividing numerator and denominator by S;.(@) S;(a+1), and 


A case a pee 
expanding in powers of 7 We see that this is equal to 


{i 0! (@) 
Sas 
So nbs 6 (x) 
ie ae bs hag oe 
ae Sk (a gl 
8 gk | okt 


eae 
where o’ (x), o”(x), and 6(a) are all power series in —, 
n° 


S(@+ 1); 
i S(@) 
formally equal to r(~), i. e., to the convergent series (42). Hence 
ICO a bre ; Se+1) 
—— differs from —~-— 
TT) S(a) 
the (k-+ 1)st degree, so we have 


and 0(x) is convergent for large values of a, since — 


or r(x) only by terms of 


: T(*2+1) x) 
(46) Tay == 7s) F + are Be 


where |6(x)|< M for |x| > R. It is in this sense that 7(a) 
is an approximate solution of equation (38) for large’ values 
of x. : 
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In eqs. (39) and (40) replace y(a—n) and y(xa+n-+1) 
by T(@—n) and T(x-+n-+1) respectively; if m is large in 
comparison with x, we obtain thus two analytic approximate 
solutions. Since the approximation appears to get closer 
as nm increases, we naturally let noo and investigate the 
expressions 

1 1 1 1 ieee 
(47 | no) — ey ee Ge ae 
\y (c) = lim rf on r(e2—2)---r(a—n) T(a—n). 
now 


If these limits exist, /(~) and g(x) are solutions of eq. (38), 
as may be readily verified by substitution. Moreover, the 
solutions are independent of the value of k; for if 7’ (x) 
denotes the sum of the first & terms of S(x”), then for any 
fixed value of x 


T (a +n+1) T’ (x—n) 


a sik 
Naa I (am 1) ue Gea) 
To prove the convergence of h{x), let 
1 
fs aa = L Cae ee 


r(x) r+) "(a+ n) 
this may be written 


AM Gree AN) T(#+2) EG ni |) 


H,,(x) = r(x) T(x) v(w+l) Te+1) or (a+n) T(e+n)’ 
or, by (46), 

i. =. A(x) ak | eat 
(a) = T(x) 1 -|- aH E ee (a+1)'n . 1-+-- (xn) Ly 
Accordingly we have 

Pa ee O(a +) 
(49) h (x) = Je Hy, (x) = T (x) I] F ae (2+ yer | 3 


Tf x is in the right half plane and |x > #, or if x is in the left 
half plane and’ |v} > R, then |6(7-+ n)|< M for every value 
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« 


of mn. . The infinite product converges uniformly in the neighbor- 
: s ; 6(a+n) 

hood of any such point, since the series Pay ea ese then 

converges absolutely and uniformly. Moreover the relation 


1 1 1 
a r(x) TG 7S a rat m 
which follows directly trom (48), shows that H,,(a) converges 
also in the region excluded above; for m may be taken so 
large that «-+ m lies in the right half plane and a#+m > > R&R. 
The only points at which AH,,() does not converge are the 
zeros of (x) and the points congruent to them on the left. 

The function h(x) defined by eq. (47) is therefore a solution 
of eq. (38) which is analytic throughout the finite part ot 
the plane except at certain-isolated sets of points. Since 
a convergent infinite product can vanish only when one of 
its factors vanishes, eq. (47) enables us to locate precisely 
all the poles and zeros of h(x). The poles lie at the zeros 
of r(x) and points congruent to them on the left, and the 
zeros lie at the poles of r(x”) and points congruent on the 
left. The orders of the poles and zeros are of course the 
same as those of the corresponding zeros and poles of r(x). 
In case r(x~) has a zero of order 4 and a pole of order uw at 
two congruent points, 
then at points congru- 
ents on the left to both, 
h(x) will have a pole of 
order 4—w ora zero of 
order « — 4, according 
as AL we Or does 
A. == Bo on) wil oe 
analytic and different 
from zero at such points. | 
At the point o /*(7) ‘in 
general has an essential singularity. On aeccount~ of this 
distribution of poles and zeros, it is evident that if a circle - 


mae Hn—m (aa mM) 


1) 


Fig. 1. 
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su) 


of sufficiently large radius & is drawn about the origin to 
include all the finite poles and zeros of (x), and lines tangent 
to this circle are drawn parallel to the negative axis of reals, 
all the singularities of /(~) will lie in the region thus enclosed, 
and in the region /) outside it will be analytic and different 
from zero. 

It remains to discuss the behavior of (x) in the neigh- 
borhood of «=o. If x lies in the region D, for which 
PR is taken sufficiently large, we have from eq. (49) 


h(x) Cale I | Oe 1) | ie | 
T(x) ak ae © (2 tnt | | 
DD = M Z 
eT |e eels] 
lege er rp) ea | 
0M u & eee 


h(x) oy 
T (a) i ave pean a 
CA ee SI Reon) 


The right hand members vanish at «= oe to the kth order 


in x and v respectively. Hence if x—.c in any direction 
except parallel to the negative axis of reals, 


this is true in the left half plane as well as the right, since 
along any ray through the origin 7 is proportional to |a!. 
Using the definition of 7'(a), we have 


h(x) Sy Sk—1 
7 apk—lf _. BD rl Sede 2 =e ‘yet fal! a ie eee ()\e 
au a Gp oe Yr :. yk 0; 
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since this is true for every k, h(x)~S(x) in the sector 
ie AE 

A similar discussion may be made of the solution g(x) 
defined by (47). The results for both solutions may be stated 
as follows. 

THEOREM. The linear homogeneous difference equation 


y(x+1)—r(x) y@) = 0 


is satisfied formally by the serves 


there exist also tivo analytic solutions 

1 1 1 
oleae) == 1h ———— 2... ———__ Tievtn+l), 
h(a) oe Yr (x) Mt (Ge -L 15} r(x a nN) se 
g(e)-= lim. r(@—1) re@—2) --- r@—n) Te—n), 


where T(x) is the sum of the first k terms of S(x). 

The solution h(x) is analytic throughout the plane except 
for poles at the zeros of r(x) and points congruent on the 
left; it vanishes at the poles of r(x) and points congruent on 
the left, it 7s represented asymptotically by S(a:) in the sector 
—na<argrx<—a. The solution g(a) is analytic throughout 
the plane except for poles at points congruent on the right to 
the poles of r(x); it vanishes at points congruent on the right 
to the zeros of (a); it is represented asymptotically by S(x) 
mn the sector O<argxr<2n. 

The solutions h(~) and g(7) are called the first principal 
solution and the second principal solution respectively. They 
are uniquely determined (apart from a constant factor) by 
their asymptotic properties. For suppose a solution /’ (x) 
ditferent from /(x~) were also represented asymptotically by 
S(v) in the right half plane; consider their ratio, which, as: 
we have seen, is a periodic function p(x). Let «> along 
a line parallel to the axis of reals; since (x) and h’(x) have 
the same asymptotie form, their ratio p(x)—>1: but since ° 


he? THE GAMMA FUNCTION 4] 


p(x) is periodic, it must therefore be equal to 1, i. e., 
h(x) —= h(x). This argument may be applied if only the 
first term of the asymptotic form is known, for even then 
the ratio approaches 1. Similarly, we can show that g (x) 
is the only solution which is represented asymptotically by 
N(x) in the left half plane. 


§ 2. The gamma function. 


Among the equations of the form (38) there is one of 
particular importance, namely 


(50) y(a-1) == wy a). 


li G(x) denotes any solution of this, we can solve eq. (38) 
in terms of G(x); for if we write r(x) in the factored form 


(GG) eas) mie eee) 


CFG 8) 9 G8) 


it is easily seen that (38) is satisfied by 


VAD) == 


ce Gir e;) G (a— ay) : oe Coe = Om) 
eT EH EaNG ne eae a Vo 


Taine ee 


the general solution of (38) is obtained by multiplying this 
by an arbitrary periodic function. 

The first principal solution of eq. (50) is called the gamma 
function, and is denoted by F(x). This function, which 
possesses many interesting and elegant properties, was first 
introduced into analysis by Euler, about 1730. Since that 
time it has been extensively studied.“ It has been customary 
to define the gamma function either as an infinite product 
or as a definite integral [eqs. (53), (69)], and to deduce 
incidentally the fact that it satisfies the difference equation (50). 
Here, however, we make the difference equation fundamental, 
and we shall see that the most important properties of the 
function are readily obtained from this standpoint. 


* See Nielsen= Hien der Theorie der Gammafunktion. (Leipzig, 1906.) 
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The tormal series for eq. (50) is 


— i\ a 139 
5s VN —— ye preps 2 | [eae eae AAs 
(2) SG) == 2" 2 2 5514] ian 7 98822 5184075 ys 


since here: == 1, co sl, Gy == a sg is ent alk 
which for the moment we will leave arbitrary. 

If we take for 7'(x) the first term of S(xv), we have from 
(47), using 7—1 instead of », 


r( ) 1 1 1 aie y= 2 ae 
Lr) SS nn = => ai a> oF jg V me 0 
Hesse Lad c+-n—I 
similarly, 
1 
a Vil a 1 ia 
Els) a TU ore ea re emer 
N—>co il Z hl 
and by division we have 
- 1 
Wee ) yea al Ae osaik fees = 
a) 3 nm! n SOS LN 
ak es en a, eee ee ae =| (" = | oa 
FO) nso r(x+1)---(a+n—1)\ n n+l 
The last two factors cancel each other, since 
ao n- s 1 : 
' Ca NOs, ; _ “@—1\"rs 
lim aed = hm {1--—— Se 
n—>oo \ I -- ] / N—r* jae 1 
For the preceding factor we have 
; xr < n \e- ‘ (a—1) log (1+ me) epee 
UTS eee = lim e = eee 
No UT n—o 


where / may be any integer. In order that (x) shall have 
a definite meaning, it is necessary to choose a particular 
1 


=) 
. fe A Fi fs oe x =o log a 
determination of the multiple-valued factor 2» 2=e ° 


1 . 
. 4 a . F ‘ 
in S(x); let us take —w<arga <a, so that « ? is real 
when # is real and positive: then the arguments df +a.-+ » 
and 1-+.r/n approach 0 as noe, whence 7 — 0° and the. 
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limit above is 1. Let us now choose the constant xy so that 
Ce b*" Then 


; (n- st ne 
De / a; x 
ce, (@) fone x (a2 + 1). -(a+n—1) 


By the theorem of $1, /(~) is analytic throughout the 
finite plane except for poles of the first order at « — 0, 
—1, —2,---; it_has no zeros. For large values of x, I(x) 
is represented asymptotically by the series (52) in the sector 
—wnw<argx<m. Since F(1)=—1, we have directly from 

(50) 

r2) =1.T0) =1, (3) =2-1,--., Fath =n, 


where 2 is any positive integer. By eq. (53), the residue 


of F(x) at the pole « = —k is 
: \ Cea SO er ber a) 
lim (72+k) (2) = lim - ) ee a — 
o> i[p > 00 kt a - 
oar be 
ey 


The infinite product (53) may be written also in the 


following forms: 

Pie: ) 
5A) aa sd (U4 eis 
Ce eee “TI m3 (etn)  ¢ I] , 


V1 V1. i} ae lente 


Another standard expression for /’(~) may be obtained as 
follows: 


: i a 
i) im eS ewe aa rae. Nie 
a ere) BO ie “hb | x -+ » atn yes i 
i rt : = "5 eae ae 2 bel: aS 
= ihaahore: 4 oe eC » = 
ne 1 i a | 
Hi r+n—l 
D ” 
Cx ad a 
(55) = — lel he an 


*The required value is VY 2a, as we shall see later (p. 47). 
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‘where 


(56) C= lim f tpn ae Pies log). 


n> Gare, / 


To prove that this limit exists, we note that (56) may be 
written 


n—1 oo 
: 1 s+ 1 1 
Gs lim pa log 2) 2 @.\2 7% 
no s=1 \$ s SID ea a 
2(1 — =| iS 
where 0< 65;<1, for by Taylor’s Theorem 
s+1 Ly 1 it 1 
ee = log (1+ a act OE 
Ss Si.) Ss As Z8§ 
tere 


Since 4, and s are positive, the series is term by term less 


: 1 
than the convergent series > ~ 


52 therefore the limit C 
as 


exists. It is known as HAuler’s constant. and has the numerical 


value 
C= = ORD 6640 ae 


The second principal solution of eq. (50) we will denote 
by F(x). By the theorem of § 1 it is analytic throughout the 
finite plane, and has zeros of the first order at 2 — 1,2,3,.---; 
since it has no poles, it is an entire function. It is represented 
asymptotically by the series (52) in the sector 0 ~ arg 7 < 27. 

The function (x), like P'(a), is not completely determined 


until we have chosen a value for the constant so and a 
1 


particular determination of 2 2. We will give so the same 
value as we did for f(x), and take 0O<arg a<2n. It 
follows that /(v) and /'(~) are represented asymptotically 
by the same determination of S(x~) in the upper half plane, 
but in the lower half plane the determination for P(x) is 
obtained from that for /(a) by increasing the argument. of 


oni (ir = ) 


x by 27, which changes S(a) to e (a). i 
The function /(@) can be expressed in terms vof+ Z(7). 
Since they are both solutions of eq. (50), their ratio must. 


rt? 
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be a periodic function; let p(~) = F(a)/T' (x), and consider 
the behavior of p(#) in any period strip, say 0 < w<l. 
From the properties of /(z) and (x) it is evident that p(x) 
has no poles. and that is vanishes only at 7 = 0, so it is 
analytic throughout the finite part of the strip. At the upper 
end of the strip p(~)—1, since M(x) and (x) are represented 
asymptotically there by the same determination of S(~). At 


i 
the lower end of the strip /(@) ~ S(v) and P'(a)~ ee 2) S(a), 
». a =: ie 
so p(x) behaves like e Gie 2) —= —¢"2 which becomes 


infinite as «oo in the strip. Hence, by the theorem of § 2, 
Chap. I, p(~) is a rational function of e?””. Since p(a) vanishes 
to the first order at x = 0, it must contain a factor 
er —} in the numerator. Since it has no finite poles, the 
denominator can contain no factor of the form e?”’”— a(a + 0), 
and hence p(x) must have the form ce*@r(e7"r— 1), The 
behavior of p(x) at the lower end of the strip shows that 
k = 0, ¢ = —1; hence we have 


(57) I(x) — el ee) r (x) ; 


This formula enables us to study the behavior of [(x) as 
x—>co along a ray parallel to the negative axis of reals. 
Since (7)~S (x) along such a ray, we have 


Suppose first that the ray is above the axis of reals; the 
periodic function differs from 1 by a quantity of the order 
of e—?”, so we can write 


P(a)~[1 + 2(x)] S(@), 


where w(x) is a periodic function which approaches zero 
exponentially as v increases. Hence I(x) ~ S(ax) to a degree 
of approximation which can be made arbitrarily close by 
taking the ray far enough above the axis of reals. 

If the ray is below the axis of reals, v is negative, and 
the periodic fimction differs trom — e2™™ by a quantity of 
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the order of e- 2%". Hence ['(7) ~—e-?”*” S(x) to an arbitrary 
degree of approximation if the ray is sufficiently far- below 
the axis of reals. Here S(x) denotes the determination of 
the series for M(x), i.e., for arga: near «, which, as we saw 
above, is equal to that for arg” near — 7 multiplied by 
— vr Tf we use the latter determination, as is more 
natural here, we have 1'(x)~ S(z). 

In the same way we see that ’(7)~S(x) to an arbitrary 
degree of approximation along rays parallel to the positive 
axis of reals and sufficiently far above or below it. 

The gamma function is connected with the trigonometric 
functions by the relation 


7E 


(58) l(2)FA—2) = = 


sin x? 
which was discovered by Euler. To prove this, write /(1— xr) 


= —zaI(— 2x), by eq. (50), and express F(z) and ’'(—z) 
by means of the second product in (54); we thus find that 


Po) Pa) = — (a 


onl 


s 


A comparison of this with the infinite product for sinw, 


namely 
~ » \ 
. c fo 
sinz == 2 I] (1 —_——= 
ae ne 70" | 
at once gives us (58). For x 5, eq. (58) yields the 
numerical result /°(4) Vie. 


By expressing sinzr in terms of e’’, we ean write (58) ° 
in the form 


(59) rie)TA—x2) = 


— Prjigur 


| p2nia 
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this and (57) give us another expression for M(x): 


— 2 yee 


699) ee i 


We will now determine the value of the constant sy in (52). 
Since (7) ~ S(x), we may write for large values of x (except 
near the negative axis of reals) 


= ] xr 
(61) I(x) x *e s{1+e(x)], 
L-— . 
where lim é(x) OQ, and « * denotes the branch of the 
LSD 
function for —a-<—_arga—a. Hence 
(a2) FA— x) “£t (x) £(— x) 
(62) 1 
(—1) 2? #fi+e@)], 
where lim ¢(7) = 0. Since the arguments of both « and 
L > WD 
x must lie between — a and a, if we take x in the upper 
half plane we have arg(—x) = argx—vz,. so that the 
factor 1, which represents the ratio of — x to x, has the 
argument — 7. Hence in the upper half plane 
1 J 
(= 1) 2 (e ey Wo —— 4) UE 


KEquating the values of /’(z) /(—w) in (62) and (59), we 
have for large values of ~ not near the axis of reals 


Pap G oral a] 


If now we let « ~ # parallel to the positive axis of 
imaginaries, we get s; = 27, or s, = ‘27 (the positive root 
is taken, since /'(~) is positive when « is real and positive). 
Putting this value in (61), we have 

1 


(63) I(x) yr age VO li -+ e(x)],. lime @) 0, 
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in the sector —a<arga< 7, or, by (52), 


rf % / 
< orstina Di V2 | Le = : 
(64) Diajv a 7 62 V 2m oe ong xs 
5 139 
518402? 


By division (cf. the expansion (43)) we obtain the following 
two results, which we shall need later: 


(rn+o) Se) ee C—c , ay 
G [pra te ee 
e FE I(a@) * Se) _— (1 gores SEE ; | 
lr (2— ¢) S(x— 6) va) 22 


where ¢ is any constant. These hold in the same sector 
= HE arg 2 — hip 
The gamma function sanies the relation 


1 
hi esate: 1% 


(66) rinx) = oat =e E { ae a 
(2 


which is known as Gauss’s multiplication theorem; it is usetul 
in the numerical computation of /(~). To prove this, let 
y (x) denote the product in (66); then 


(67) fp fe + a — 1 Ele aa =| os Gea): 
si : 


This difference equation with interval 1/x may be transformed 
into one with interval 1 by setting 2 = 2/n, »(z/n) = f(2). 
which gives 


a solution of this is by (51) f(z) = n-* F(z), whence tsolution © 
of eq. (67) is 9’ (7) =n" Inez). Since ¢ (x) and qe (x) are 
both solutions of eq. (67), their ratio ¢ (a)/@' (a) = ple) must ° 
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be a periodic function of period 1/n. Consider the behavior 
of p(w) in some period strip, say 1<—«w<1-+1/n; since 
neither v(x) nor y’ (x) vanishes or has any poles in the strip, 
p(x) is analytic and different from zero in the entire finite 
part of the strip. To investigate p(x) at the ends of the 
strip, we use the asymptotic forms of g(x) and g’ (x): 


ie! ’ | {i aot = tai ree " k n 
jb fr + ae k=1M (2 7p)? 
k=0 be | 
SNCS DS ees = a eee ae == : ~ [1 n(x), 
nxe—— f= 
n-ne (M4) 2g nt VON 


where lim y(z) = 0; this holds at both ends of the strip. 


a> 00 
Since 
kd 
oo a a 
. rt Pe 
| see e ? 
: n 
lim 75 a 
L> r+——— 
xr VW 2 
k 1 
k naar 
aS PWN 
== lim (1+ Je md rie 
ro NX 


we may write 
¥ 1 Vt 
af+——— — 
ieee a ea te 


p (x) a, El ; _ [1 |. n' (x)] 


1 n—1L 


=n? (20)? [1+7'@)]. 


Thus p(x) is a function analytic throughout the entire strip 


and finite at 0; it must therefore be a constant, namely 
1 1 


n? (27) 2 , Hence 
1 n—1 


p(x) = n* (2x) ? y'(a), 


from which (66) at once follows. 
In addition to the various infinite product expressions 
which we have derived, the gamma function can be expressed 
4 
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as a definite integral of a type which plays an important 
part in the theory of linear difference equations (cf. § 7, 
Chap. II). To prove this, let us write 


» 
(68) Ca Hh fae WL) Ata 


and investigate whether it is possible to determine the un- 
known function v(f) and the path of integration so that 
G(x) shall be a solution of eq. (50). Substituting this integral 
tor y(x) in eq. (50), we obtain the condition 


b oy) 
|e v(t) ee) xt*1v(t)dt = 0, 
a a 


or, if we integrate the second term by parts, 


b 17) 
ies Ln Oy Las! (Ff) = 4 
f. ot) aie it v(t), + fe Ca Rete Ue 


This condition is satisfied if v’(4) = —v(t), whence v(t) = ce“, 
provided the path of integration is so chosen that ¢” v(#) has 
the same value at both ends. If w, the real part of a, is 
positive, we can take the path from 0 to « along any ray 
in the right half plane, and in particular along the positive 
axis of reals. Thus 


oO 


is a solution of eq. (50). This is an improper integral, which 
converges uniformly in the neighborhood of every point in 
the right half plane, and so represents there a single-valued 
analytic function without singularities. Let us impose the 
condition that G(1) = 1; an evaluation of the integral shows 
that we must have c= 1. | 

In order to identify G(a#) with 7a), we proceed to study 
the periodic function p(~) == G(v)/T(a).* Set ¢—= ar: then 


900 


G¢ (x) yrs | GL] okt dc. Sie 
eJ0 


* 


* Of. Birkhoff: Bull. Amer. Math. Soc., (2), 20 (1913), pp. 7-8. 
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where the path of integration may be taken as the axis of reals 
(arg «= 0). This can be expressed as the sum of two 
integrals with the limits 0,1 and 1,oo. Let a be any point 
in the period strip 1 <w<2; then 


| ol ey 
| per eet dt a if qu-l e Ut dt 
0 a r 


0 


1 
< feta = ae 
Sah : 


bee) ioe) 
f pei eet de | eS i) gut e Ut dr 


eat ee Ce -4.G( 2) eal 


since by eq. (50) G(2)=— GU). Hence in this period strip 
|G (a)|<2!\x7|. For large values of a in the strip we have 


CO Bo i 2¢ V2n(+te)|> lar], 


These inequalities show that |p(x)|<2|z| at both ends of 
the period strip. Write p(#) = q(e), where z= e?”; this 
transformation maps the unit strip in the x-plane in a (1, 1) 
manner on the entire z-plane. Since both G(x) and I(x) 
are single-valued and analytic in the finite part of the strip, 
and since I(x) + 0, q(z) is single-valued and analytic at 
every point of the z-plane except possibly at z = 0 and 
zg == ©, which correspond to the ends of the period strip. 
But 


lzq(z)| <2 


oO | 
(Bo 


logz 


2764 


which approaches 0 as z>0; hence zq(z) is analytic and 
vanishes at z — 0. Likewise q(z)/z is analytic and vanishes 
at z= «©; q(z) is therefore a single-valued analytic function 
which has no pole in the entire plane; accordingly it must 
be a constant,* namely 1, since G(1)—J/(1). Thus 


* Cf. Osgood: Lehrbuch der Funktionentheorie I (2nd ed.), p. 310 
(Riemann’s Theorem) and p. 800 (Liouville’s Theorem); or Burkhardt- 
Rasor: Theory “f° Functions of a Complex Variable, pp. 255, 2380. 


4* 
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co 
(69) I(x) =|, Pleat (u> 0). 


To obtain an integral which shall be valid in the entire 
plane, let us take for the path of integration a loop cireuit L 
about ¢ = 0, starting and ending at ¢ = « and enclosing 
the positive axis of reals;* this gives a solution of eq. (50), 
since ¢” v(t) or ¢” e~! vanishes at both ends of the path. We 
will let arg? increase from 0 to 27 on L. We may con- 


Fig. 3. 


sider the path as consisting of the axis of reals from ~« to e, 
a small circle of radius ¢ about ¢ = 0, and the axis of reals 
from « back to «© (Fig. 3). Ifw>>1, the part of the integral 
contributed by the circle approaches 0 as ¢—+0O, and the 
first straight line integral approaches 


0 
J etdt = —T (a). 
ie.@} 


After a positive circuit of ¢ — 0, the multiple-valued fune- 
tion ¢—1 is multiplied by e”?—-) — 7, Consequently we 
have in the limit for the return path 


ina 


200 
eritiv | {<1 e—t dt — e2tia I(x). 
e 


* Any other ray in the right half plane could of course be used dn place 
of the axis of reals. . 


s2 


Nes APPLICATIONS OF THE GAMMA FUNCTION 53 


Combining these results, we see that 


(70) fer et dt = (ee —1) F(a) = —T(z). 


This loop-integral represents a function analytic throughout 
the x-plane; (x) is also analytic throughout the plane; 
therefore eq. (70), since it is true for the half plane wu > 1, 
must be true for the entire z-plane. We obtain thus an integral 
formula for M(x), and also a second integral formula for 
I(x), namely 


2 ' 1 ah ey 
(71 ) / (x) — ee 1 iG dt, 
which is valid throughout the plane except for positive integral 


values of 2, where it is indeterminate. 
If we set ¢ = 1/r in eq. (70), we get 


° ee 
(72) l (x) =| at a OES, 


tT 
Jk 


where A’ is the contour into which 


Lis transformed by the substitution 

¢t = 1/7, namely a loop which starts IY 

from + = O in the right half plane, 

makes a positive circuit about r= 2% ; 
(i. e., anegative circuit about c= 0), 

and returns to + = 0 (Fig.4); on K 

arg vc decreases from 0 to —27. K 


If we make this same substitution 
in eq. (69), we get the formula Fig. 4. 


n aail 
(73) Ee) == [ To Oe Te, Gee 0). 


§ 3. Applications of the gamma function. 
Allied functions. 


A. Explicit solution of eq. (38). We saw at the beginning 
of § 2 that the general solution of the equation 


(38) on y(2+1)— r(x) y(x) = 0 


54 LINEAR DIFFERENCE EQUATIONS 


can be expressed in terms of any solution of eq. (50). Since 
the latter equation is satisfied by 7 (x) and (x), two particular 
solutions of eq. (88) are 


nm 


[] re—«,) [] rea) 


(74) y,@) = eS , ¥@) =e 
ai Te (x — By) al ie 
ic" —" 


Replacing / and F by their asymptotic forms and simplifying 
[cf. (43)], we find that y,(7)~S (a) [eq. (44)] in the sector 
—nw< are r<m and y (x)~S (x) in the sector 0O<argax 
<2; y,(~) and ye(x) are therefore the first and second 
principal solutions of eq. (38). 

These solutions are connected by therelation ys (~) = p(x) w(x), 
where p(x) is a periodic function; its form can be determined 
directly by means of eq. (57), namely 


| ee ey 


(75) Gn eee Gyawe eee 


[| ae 


b—1 


B. Summation of rational functions. The function YW (x). 
We considered in § 2, Chap. I, some examples of sums, and 
observed that the sum of a polynomial is another polynomial 
of the next higher degree; in fact, we have 


(76) S' 2 Se i (3): Si) ms (B)- Sa = ata)” 


Any polynomial P(%) can be expressed linearly in terms of 


Le, (3) ---, Since these are polynomials of degrees 0, 1, 2, 


respectively; hence P(x) is the same linear function of x, 


(3) (3) eee 
Slagle > 
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Consider now any rational function » (a) —= P(x) + Q(x), 
where P(x) is a polynomial and Q(z) a fraction whose 
numerator is of lower degree than its denominator. Q(x) can 
be broken up into partial fractions of the form c/(~—«)”, 


so we will seek an analytic expression for eee ; 
: (a — a)™ 
From the equation /(#+1) = w(x) we obtain by 
logarithmic differentiation 
I'@+1) 1, I’'G@) 
esate a. 


or, if we denote by #(x) the logarithmic derivative of /'(x), 
(77) w+ 1) = + #9). 

Thus U(x) satisfies the difference equation 

(78) yet1)—y) = —, 


which is of the form (6). Hence by the definition of summation 


we may write 
1 
a Y (x) . 
aL 


Differentiating eq. (77), we have 


ad it d 
a= GI Ge = — —_ ~ Us 
dx CGA) x a dx B(x), 


Nei 


whence 


from which we infer directly that 


1 (ee= Dyes qt oa 
9 Bibemyee ihe sae N WD (4 — a), 
ne S (2— a)” (m—1)! dam 
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If we denote by (x) the function 1’ (~)/L(~), which also 
satisfies eq. (78), we obtain in the same way another evaluation 
of this sum, namely 


ad m—1 


Dee eae mie 
(80) Neen — (m—1)1 da” Ag) 


We are accordingly able, by means of formulas (76) and 
(79) or (80), to express analytically the sum of any rational 
function. Furthermore, since log /'(x) satisfies the difference 
equation 


YO) Ye) == sea 


‘ loga == log Tar); 


Since both “#(x) and 4 (a) are solutions of eq. (78), their 
difference must be a periodic function, whose form can be 
obtained from eq. (57) by logarithmic differentiation, namely 


we see that 


Oe 
(81) W(x) —— Sr Rea — W (7) , 


From Euler’s relation (58) we obtain the corresponding 
formula for “(x): 


(1 —x)— B(x) = aeotae. 


C. Asymptotic forms of @(x) and O(a, 1,k). Tfin theorem V 
of § 6, Chap. I, we put 


y(a) = log +a) = e—at++a%—..., 
“a o 
' r(x 
FAC ees 
r 2 er VIN a 


AG) an a sore 
vt 12x § 288% 51840278 ~"" [sec (64)]. 
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it follows that 


y (f(x)) = log 


; il : i 
~S(2) — 5 [@P+ + [S@l— 


log I(x) — (7— =| loga + x» — a log 2 
= | 7 = el | ‘ 
12% 36023 |” 


(82) 


this holds in the sector —w<argx<n. By differentiation 
(ef. theorem IV, § 6, Chap. I), 


1 1 1 
Qs Us (4: eC ee mae | 
ee ee or 123) 1120 a" 
d 1 1 1 1 
8 == Wij) as —— — - = lo 
(84) ie eo tas 3005 | 


in the sector —a < arg(%—- a) <a, where a is an arbitrary 
positive real number. These same formulas are true for 4 (x) 
in the sector 0<are(x+a)<272. 

We are now in a position to determine the asymptotic 
form of the function 


] r 
Dt) == = - 
Gages) we (gp tik | (x - Agee 
for the case +r — 1, k = 2, which was not considered in our 


discussion in § 7, Chap I. Take first the case k = 2. The 
equation (27) satisfied by O(a, 1, 2) is 


y@+1)—y@) = —s; 


te! 
~ 


but this equation is also satisfied by ee W(x), so the difference 


d 
ag 
xo along a line parallel to the positive axis of reals; by 
(84) and by’ (33) both these functions and hence their 


~ YW (x)— W(x, 1, 2) must be a periodic function. Let 
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difference approach 0. The difference is therefore identically 
Zero, SO 

is 1 1 
(85) © wa) = O(@,1,2) = = | 


ate eaye Soo 


the asymptotic form is given by (84). Likewise we find that 


d® eee 2 Zi 
ax’ A) ee rege re oo (2+ 1)? 
etc. These results enable us to determine the asymptotic form 


OL On loi) tor any hk 2 2. 
From eq. (85) we obtain by integration 


AGO p= att AG) aa (- 1} Lay > 


(5 =e 


But by eq. (55) 
log Lt) == — Ce— loeae- > ES + log 


n=1 


N | 
r+n]’ 


where Cis EKuler’s constant; differentiating and setting 2 = 1, 
we have 


Cie eter y - 1 ee 4g 


Teal a\y ee n a 1 
Ed as | d hay Ue ). 
mad WO n+l 


It is easily verified that this series converges uniformly in 

the neighborhood of every point except x — 0, —1, —2,- 

where U(x) has poles of the first order with residue —1. 
D. The beta function. The function 


oD Be eee. 


which is known as the beta function, is important inthe 
study of certain difference equations. Most of its fundamental] : 
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properties can be deduced at once from its definition; e. 2, 
Bly, x) = B(z, y), 


| Be +1,4) = Bay, 


(88) 


| be y+t1) = - Bia y): 


aie 
The beta function can be expressed as a definite integral, 
namely 


“1 
(89) Boa, y) = for a—prar, 


which is valid for R(x) >0, R(y)>0.* To prove this,+ let 
I(x, y) denote the integral. By integration by parts, 


ai(e,y+1) = yl@+l, y); 
also we haye 


“1 
DG i NeW ea iF 4 (1 —t)¥+ 1 — ¢) dt 
= ey) a) ee Lt) 


From these two equations we see that 


Comparison with (88) shows that /(~, y) and B(x, y), regarded 
either as functions of x or as functions of y, satisfy the 
same homogeneous difference equation. Their ratio p(a, y) 
= I(x, y)/ B(x, y) must accordingly be a function which is 
periodic in both x and y. 

Consider the behavior of p(x, y) in the period strips 
1< Riv) <2,1< Rly) <2; it is analytic in both variables 
throughout the finite parts of the strips, since both J(z, y) 
and B(x, y) are analytic there and B(a, y) does not vanish. 
Give y a fixed value y in its strip; then 

* R(x) and R(y) denote the real parts of # and y. 

+ Of. Birkhoff: Bull. Amer. Math. Soc., (2), 20 (1913), pp. 9-10. 
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1 p : 
T(x, yo) =|; eased eae Gy 
and for large values of x in its strip, by (65), 


Riv Pe a DR | I(x) = —y 
| BG, yo)| = | FY) | >| Fo+y) | ele i, 


where /: is a suitably chosen positive constant. Hence as 
a—>o at either end of its strip 


1 
[pe yo)| <4 -| a). 


If now we set p(x, yo) = g(z), where z = @”*, we see as in 
the corresponding argument for f(z) in $2 that qg(z) is a 
single-valued analytic function which remains finite in the 
entire plane, i.e., it is a constant. By exactly the same 
reasoning, if we give x a fixed value .z» in its strip, the 
function 7%, .7/)>isa constant. Since bal i= 1) ad 
we must have p(x, y) = 1 identically; this proves eq. (89) 
Lore) = 0, Gy) 20: 

The integral (89) is sometimes called the first Hulerian 
mtegral, while the integral for (7) in eq. (69) is called the 
second Eulerian integral. 


HON. 

We can obtain an integral expression for B(x, y)_ whith: 
is valid for all values of a and y by using as the path~of 
integration instead of the straight line from 0 to 1.a double 
loop contour -4 which starts at a point A, makes a’ positive > 
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circuit about ¢ = 1, then a positive circuit about ¢ = 0, 
then a negative circuit about /=— 1, and finally a negative 
circuit about ¢ = 0, returning to its starting point. We may 
regard the contour as consisting of the axis of reals from é to 
1—e, traversed twice in each direction, and small circles of 
radius € about O and 1, each traversed once in each direction. 
Let A be the point ¢, and along the first rectilinear portion of 
the path take arg ¢t = arg (1—7#) — 0; the integrand in 
(89) is multiplied in succession by e?”Y, 6”, e771, and e— 2% 
after traversing the circles in the order indicated, and thus 
returns to its initial value when the contour is completed. 
If the real parts of 7 and y are greater than 1, we can 
let e+0O; the part of the integral contributed by the circles 
then approaches 0, and we obtain in the limit 


QM E 
e oy f-1(1—?)¥— dt. 
Hence for R(x) >1., R(y)>1 we have 


— ezmy + eri (ar y) 


(90) fen (I— AY dt = A — 2") (1 — 2) B(x, y). 


But both sides of this equation are analytic for all values 
of x and y, and hence the equation is true in general.* 

The functions #(x%) and B(x, y) treated in this section 
and Po (x), Qo (x) in the following section are examples of 
a numerous class of interesting functions which are closely 
related to the gamma function. Many treatments of the 
gamma function, indeed, are based on a preliminary study 
of #(x). For a more detailed discussion of these and other 
functions, most of which satisfy simple difference equations, 
the reader is referred to Nielsen’s Handbuch der Theorie der 
Gammafunktion, and to the works cited in the “Literatur- 
verzeichnis” of the latter. 


§ 4. The general equation of the first order. 


The general linear difference equation of the first order 
with rational coefficients 


_ Osgood: Lehrbuch der Funktionentheorie | (nd ed.), p. 319. 


62 LINEAR DIFFERENCE EQUATIONS 


a 


(91) y(x+1)— 7 @)y@) = r(a) 
has by eq. (20) the solution 
rg (2) 
2 = 
(92) y(n) = oS 2a, eee 
where y,(~) is a solution of the associated homogeneous 
equation 
(93) y(a+1)—na)y() = 


The most general solution of eq. (91) may by eq. (21) be 
written in the form 


y (x) = q(x) + plz)y (x), 


where 4(x) is a particular solution and p() is an arbitrary 
periodic function. 
From eq. (92) we obtain the two symbolic solutions 


* raz) ta(@ +1) | 
ys (w+ 1) yi (x 4- 2) 


2 —] *D x—? 
yi (a) = n@|” oe ee ae | >| 


which satisfy eq. (91) formally. It we eliminate y, (a) with 
the aid of (93), these take the simpler form 


yr (2) = 7: (@) 


5 ho Ne . (Oo 

a ee aE) BST 
94 d — - : re (w+ 2) : es. 
(94) re) ry (+1) 7; (a + 2) 


Yl (7) = re (e—l1)+n(@—I1)rs (7 — 2) 


+ 7; (#—1) 7, (w@— 2) re (a@— 8) +... 


As in the case of the homogeneous equation (38), «a*pow er 
series in 1/2 can be found which satisfies eq. (91) formally. 
If we write 
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ne) = at (oti tS4..), +0), 


re(e) = 2” (d+ 2+3+..), @ +0), 
this series has the form 


. Si Sg 
V—-Ubia _| | 
grant (s ese toe, 


if « > 0, and 


if «~~0.* The coefficients may be determined in any particular 
case by direct substitution. 

With the aid of the symbolic solutions (94) and these 
series it is possible to prove the existence and study the 
properties of analytic solutions of eq. (91). The detailed 
discussion is rather long, however, and since it presents few 
new points of interest, we omit it.7 Any solution of eq. (91), 
as indicated at the end of § 5, Chap. I, satisfies a homogeneous 
equation of the second order with rational coefficients, which 
can be treated by the methods of Chaps. IIT and IV. 

Among the most interesting of the functions which satisfy 
non-homogeneous difference equations of the first order are 
Prym’s functions 


1 ie“) 
ee) f aT NUR NANOS) Wee il eat: 


these are special cases for oe — 1 of the more general functions 


0 200 ; 
(98) Pad= [Srtetat, Q@= f° Pretat, 


where ¢ is any constant, real or complex. The first integral 
is valid for «>0O; the second is valid for all values of 2, 


*The case « = 0, ¢ = 1 is an exception; for this we have in general 
the factor «”*? instead of x. 
7 Of. K. P. Williams: Trans. Amer. Math. Soc., 14 (1913), pp. 209-240. 
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provided the path of integration goes to o in the right half 
plane. Comparison of these definitions with (69) shows at 
once that 


Po (2) + Qo (x) = F(x); 


for this reason Po (x) and Qo (x) are sometimes called 7n- 
complete gamma functions. They satisfy the respective dit- 
ference equations 
Po (r -- 18 a x Po (7) == 
Qo (4-1) == Oo. (a) == ee 0, 


as may be verified by substitution and integration by parts: 
both (as well as /(x)) are solutions of the homogeneous 
equation 

(96) y@+2)—@+etiy@+i)+ery() = 0 


S 


(cf. end of § 5, Chap. I and § 2, Chap. IV). 
Integrating Po (7) by parts n-+ 1 times, we find that 


i ] O n 
es XL a z oy mak aa “= SP ees eye er ee 
: @) ye E 3 a(a+1) + ean eta 


i i 
| m fron ,—t i 
alea+l)---(@+n) J a 


If we set ¢— er in the last term, the integral becomes 


“1 
ortn [ ECT EOF g dt. 
Jl) 


which is less in absolute value than 


| 1 

| 

e>-1t eG 0-+-)r oO 
Fou J ode = |er™(1—e®) 


Hence the remainder term approaches 0 uniformly as »—> x 
except near x = 0, —1, —2,---, and we have in the limit 


— / 
(97) Poa) == 07 3-8 a Met 
: 3 eo ats esos > (vn+n)* 


JJ, 4 THE GENERAL EQUATION 65 


This series converges uniformly in any closed region which does 
not contain any of the points 0, —1, 2, +++, and 
so represents a function analytic throughout the plane except 
for poles of the first order at these points. Iq. (97) may be 
taken us the definition of Py(~) in the left half plane, where 
the integral definition is not valid. 

This expression for I(r) gives us an example of what 
ave known as factorial series, 1. @., series of the type 


DG 
’ th, Un, 
Ian) 
( , cA / (7 Vi) 
94) 
| Ky 2! de ! 3B! ds 

“ se Re. 
7 aw woe -- 1) alae ly(a+2) — é 


which are great importance in the theory of difference 
equations, and have important applications elsewhere.” 

A partial fraction series for P(x) is obtained if we expand 
e' in (95) and integrate term by term, namely 


LD 7 y 
: ’ ( Ly (iid 
PS ( V') o" De 7 ; 
is m=o Nt Hi vail f} 


This shows at once that the residue of Po(~) at the pole 
x kk is (-—1)"/k!, which is the same as that of I(x); 
hence Qo(~), which is equal to M(7)— P(x), is analytic for 
all finite values of 7, and so is an entire function. 

It was proved by Holder? that the gamma function cannot 
satisfy an algebraic differential equation, and this result was 
extended by Barnes to the solutions of eq. (91). The trans- 
cendental functions defined by difference equations are evidently 
of an essentially different type from those defined by differ- 


ential equations. 


* Por an introductory treatment of factorial series see Landau: Sitzungs- 
berichte Akad. Miinchen (math.-phys.), 36 (1906), pp. 151-218. 

| Math. Annalen, 28 (1886), pp. 1-13. Of. simplified proofs by F. Haus- 
dorff and A, Ostrowski, in Math. Annalen, 94 (1925), pp. 244-251. 

' Proc. London’ Math. Soc., (2), 2 (1904), pp. 280-292. 
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Exercises. 
1. Locate the poles and zeros of the principal sointiones 
of the equations 


eae (14 


s)y@. 


2. Obtain the explicit form of the periodic function 
p(x) = h(x)/g(a) for the: equations of ex. 1. 

3. Locate the poles and zeros of the principal solutions 
of the equation 


y@+1) = = 


a Y@), 


and obtain directly the relation between the solutions. 

4. Verify the results obtained in ex. 3 by solving the 
equation in terms of the gamma function. 

5. Prove that a necessary and sufficient condition for the 
convergence of the formal power series solution of the equation 


y(a+1) = [s+ | 9! ya), 


t, is that yt) —— ala. 


where 
6. Evaluate the sums 


5 oe Soe eae S bee (1+ “. 


7. Obtain the approximate value to four decimal places of 
O12) tore == 100; 

8. Derive a series for wi (x) similar to (86). 

9. Prove that 


(x) =\a(e, (2, pA eee. 


10. If R(x) > 0, Ry) > 0. prove that 


(a) i lefdt = +12), 


(b) it t?—1(a—t)’—! dt We ords (arty 7 
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11. Prove that if R(x)>0, 


I(x) 
2 apa) a a ee 
aaa ( ne PS enya 
where / is a loop circuit starting and ending at ¢ = 0 and 


passing around ¢= 1 in the positive direction. 
12. Prove that if R(+y)< 1, 


ed P(A —2—y) 
Cer) Eye 
where LZ is a loop starting and ending at ¢ = o on the 
positive axis of reals and passing around ¢ = 1 in the positive 
direction. 

13. Find the asymptotic form of the factorial series 

ee eee 1 
Gal) ee 1)i@ 2) 

and hence of Prym’s function P(z). 

14. Obtain the power series which satisfy formally the 
equations 


] fie xe—1 yt 
Ea (¢—1)¥1dt = 


@) yet) = =t*y@; 
() ye +) —y(@) = 


(Cy = Lye) 


e 


15. Investigate the convergence of the symbolic solutions (94). 
16. Solve the equations 


@) y@t1)—(1—4)y@ = «41; 
(b) ry (e@+1) — (+1) y@) = 1. 


17. Find a definite integral solution of 


y («+ 1) —2y(2) = — 


; 1 u : ' ; : 
(Hint: — — ee dt). Express this solution as a factorial 
series on as a partial fraction series, and discuss their 
convergences - 
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CHAPTER III. 


The hypergeometric equation: general case. 


§ 1. The hypergeometric difference equation. 


Next to equations with constant coefficients, which we 
studied in § 4, Chap. I, the simplest linear homogeneous 
difference equations of higher than the first order are those 
with linear coefficients. The second order equation of this 
type, namely 


ie (a2 @ + bs) yw + 2) + (ai w+ br) y (e+ 1) 
t (do @ + bo) y(x) = 0, 


is called the hypergeometric difference equation, because, as 
we shall see in § 7, its solutions can be expressed in terms 
of the hypergeometric series 

ale 1) B86 4.1) 


af | ¢ Be cir 


(LOO), Bay, 2) — ae i Aten 


The theory of this equation presents most of the interesting 
features of that of the general homogeneous linear difference 
equation of the nth order with rational coefficients, but in 
a less abstract form, since explicit formulas can be obtained 
throughout. Accordingly the remainder of this book will be 
devoted to a detailed study of the hypergeometric equation. 

An important role in the theory is played by the roots o, 
and @. of the characteristic equation 


(101) ae? +aoetam = 0. 


We shall consider first the “general case”, in which 9, and @. 
are finite, distinct from each other, and different from+zero; 
in terms of the coefficients, this means that none of the three . 


Fz 


ry 
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numbers dz, do, @j—4d) dz is zero. We will choose the 
subscripts so that |e, >/e.|. The “irregular cases”, in which 
one or more of these conditions is not satisfied, present certain 
additional difficulties; these will be treated in Chap. IV. 

In order to get eq. (99) into a more convenient form, we 
will define three new constants 8,, 6, 83; by the equations 


be 
By + Bs + Bs a 2=> ay ’ 
| 
Bie + Bre: + (+1) (+e) = —=, 
lo 
0; 0» Bs 9 ay 
Ae 


these have a unique solution under our hypotheses, since the 
determinant of the coefficients is 0, 0.(0;—2) +0. From 
eq. (101) we have the relations 


j 
ra == 0») a == Oy Oy == ==s 
(01 + ee ae Sak Ue 


eq. (99) can accordingly be written in the form 


(74 Bo + B34 Bye 7a) 
(102) ~Hetente- B3+1)- : Bi 02+ Boal ya +1) 
+ 01 02 (2+ Bs) ya) = | 


Set 2+ 8s = 2’ and y(z’— &3) — f(x’); then, dropping the 
primes, we see that f(x) satisfies the equation 


(@+A+A+2) y@+2) 
(103) | —[(e:+ @2) (@4-1)+- 8; 6: + As 01] y@ 4-1) 
+ 0102 ry(x%) = 0, 


which may be regarded as the normal form of eq. (99) for 
the general case. 


§ 2. Formal power series solutions. 

Eq. (103) is satisfied formally by two power series in 1/x, 
multiplied by certain exponential factors; we cannot have 
a factor of the form «*”, since the coefficients are all of the 
same degree; so we will set 


Te VAINBAR DIESSESRENEE BQUALLANS 
ae) v@) = eat fet 48, +..J 
mR OQ. (LOS, Dividing dy e* a", we have 
er 6g}, Sh, 
Seta +a+y (r+ 2) |-+ “+ 2p" J 
& 
elle +O D+ Ret Rel (tt a) 


Ae Mtoe } e 
teaer[st— +t. . 


Expanding im powers af 1 2, and equating the coeiiiicients 
ef suceesaive powers te OQ, we dad that 


LI) Fela + Q)+ ae —= Q 


Ut A+ DEA W]e + Fs’—cla HA +tRE+ Reds 
— eda +ads—ela +ads’+aas’ = Q& 


ete... whence ¢ = O er @, a = ~3, i a =a & 
a Xe &\) s pai ae &) 
= => } — . ~t. 1) a _—s . 
(+l Pence 2? SS ‘& la=e 3) 


ete, Where g/g and Qe are the dwe valees af s/s g and 
S% are ef course arbitrary. To prove that all the cvetteients 
ean be obtained in this way, assume that 9")s. 9°) s. Sms 
have been determined for doth series: equating te OQ the 
evewiicient ef 1/a*, we have 


RWQern_ 2) + ¢ *(2, + B+ V+ VAIN 


le Te) EO — kM) —ela beatae tAa)s® 
—ead(@ +e) sP +. @, Oy SPD + As =e Q, 


be 


‘ 
* 


where 4 involves only quantities which have door already 
determined, “The terms in s®*) vanish, by eq. (10) it we- 


‘ 
<“ 
Ss 
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eA Dest + &;. d B,—1., «# * and then ¢ — &, 
4 by 1. # ~~ &, we obtain the two eguations 


kg: (er—#)4; + Ae, = 9, 
kge(G; — bz) 4 + Apt, = 0, 


whieh serve to determine &/s, and o/s, uniquely. Hence 
every cocicient can be determined in terms of previously 
towud quastities. and we thus obtain the two series 


oe —— | 4 
|» ¥) G7 ie ls, ’ x Li og Si 
(106) / J, PH 
oe SL! sp : D4 rz ; 
| 542) Ge hs (55 + PaO” oa eae 5 


which. from the way they were derived, must satisfy formally 
4, (103). In genera) they are divergent, and so do not give 
us analytic solutions. They play a very important part in 
the theory, however, and, as we shal) see, represent the 
principa) solutions asymptotically for large values of «x in 
voria sectors of the plane. 


§ 3. The use of matrices.” 

Yor the purpose of deriving existence theorems for the 
analytic solutions of a difference eguation, it is in many 
yvespects preferable to deal) with a system of two equations 
of the first order rather than a single equation of the second 
order, This permits the use of matrices, which serve to 
bring out the analogies which exist between an equation of 
the first order and one of higher order. 

A system equivalent to eg. 103) may be obtained in various 
ways; the most direct is to set y(x) — y, (x), ya +1) = yo (a); 
then 4, (x) and yo(x) satisty the system 


“Au elementary knowledge of matrices, such as is given by Bocher: 
Introduction to Higher Algebra, S& 7, 21, 22, 25, is presupposed in what 
follows, ‘_ 
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n(o+l) = ye), 


ONE Net recy etter ey 0 
(01 + 2) (@ +1) + Bros + Be 2 Or yo (2). 


| ge Se 


, a+ Bi + Be +2 


ma 


A more symmetrical system could be obtained, but this has 
the advantage of being closely connected with eq. (103); if 
we have any solution of (107), the first element y; (7) = y(x) 
gives us directly a solution of (103). 

If y11 (x), yor(a) and yr2(~), Yeo(w) are any two linearly 
independent solutions of (107), the matrix 


Y¥@) = |ye@)) = - 


is called a matrix solution of the system. The coefficients 
of the y’s in (107) form another matrix: 


| 0 1 


ordee (er tos) @+ I+ Bigot Beer | - 
z+ f+ +2 r+ B+ By +2 


The four equations satistied by the elements of }’(~) can be 
combined into a single matrix equation: 


(108) Vile 1) ==" A(x) ¥@); 


this is equivalent to the system (107), as may be verified by 
expanding and equating corresponding elements on the two 
sides, 

Let P(x) be a matrix whose elements are periodie functions 
of period 1, and whose determinant is not identically 0; then, 
Y(x) P(x) is also a solution of (108); for by substitution 
we have i. i. 

Y@--1) P(@-+-1)—= Re) ¥ Gy ee): 


ee | 
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but P(a+1) — P(x); hence, multiplying both sides on the 
right by the inverse matrix P +(x), we get eq. (108) again. 
If the elements of P(a) are arbitrary periodic functions 
(subject only to the condition that their determinant does 
not vanish identically), VY (a) P(x) is called the general matrix 
solution of (108), since by choosing the periodic functions 
properly we can put any matrix solution in this form, as is 
evident if we expand Y (x) P(x) into its elements (ef. § 3, 
Chap. 1). | 

The matrix equation (108) is satisfied formally by a matrix of 
power series whose elements are readily obtained from (106), 
namely 


Q ) | Sit (7) Spo (x) | sy (x) ’ Ss (x) 
AL We ii f \ —— | y | 
| $21 (2) S22 (x) || | Si(@+1) &2(@+1)| 
/ / 1] 
10) =a y Sit x Df | $12 | 
(109) = , g Il? 
| ail 821 AO fips 522 | 
Q, x ** baa ho Qo & be SF aie ) 
7 a Be || 
/ / Wi i 3 
where S11 = Si, S11 = Si, -- +5 S21 == 0181, S21 = 01(S1 — fisi— S81), 
etc. The determinant of this matrix has the form 
/ if UA 
: i = ay d ( 
(110) |S(@)| = (ge) a Pat — + 2 4 hk 
es bs 
where d = (02 — 0,) 8: 82, etc. The inverse of S(ax) is 
| —o taf , 9 =e Att 4 918 | 
@1 4 Crile ae 12 yy 
(11) Sa) =| a ; de oi 
{teks 8,+1 21 wy, Beatie ae 
lene? (6..+ ae 0, x [e+ ne | 
where 
Os 1 
O14 Bee Pad Geo ee ee O;92 == = ae 
(05 01) 8 Ce 02) St 
1 
US on 022 = ae ORE, 


ete. mea 
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Let T(x) denote the matrix obtained from S(x) by using 
only the first / terms of each series, and write 


(112) 10) TA (e+1) = = B(x). 


Since S(x) satisfies eq. (108), we have S(a)S'(a+1) = R(x); 
by the definition of 7(~), 7 +(a+1) has the same first k 
terms as S-'(#-+1); hence the elements of B(x) differ from 
those of 1 (x) only in the terms after the Ath, so we may 
write 


RR (a) = BG [r+2 co} 


where / denotes the unit matrix and C(~) is a matrix whose 
elements are of the form 


fee erer Ie 

a La on 
City eae Pace 
a 


§ 4. First existence theorem. 

The matrix equation (108) is satisfied formally by the two 
symbolic solutions 

KA (@) te ER eo) es, 
ate) | R(w@—1) R(w@—2) R(a—3)--. 
as is seen by direct substitution. These infinite products are 
in general divergent, but by a suitable modification, as in 
$1, Chap. Il, convergent products can be obtained which 
yield analytic solutions. For this purpose we will form the 
products 
[An (ae) = Ba) el)... Ren) Ten), 
(14) Ve Pra, HT Re 

In (XL) R(a—1) Rla—-2) R(a—n) T(a—n). 

THEOREM. Both elements of the second column of Hy (x) 
converge uniformly as n—>x to limit functions his (x), Jizz (x) 
which are analytic in the entire finite part of the plane except 
Jor poles, and form «a solution of the system (107): ~The 
determinant of Hy, (a) also converges to a limit function D(x) + 
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analytic except for poles. For large values of a these limit 
Junctions are represented asymptotically by sy. (x), 899 (x), and 
|S(x)| respectively in the sector — ma <argu<n. 

Similarly, both elements of the first column of Gy (a) con- 
verge uniformly to limit functions gi (x), gor(x) which are 
analytic except for poles and form a second solution of (107). 
The determinant of Gn (x) also converges uniformly to a limit 
function D(x) analytic except for poles. For large values of x 
these limit functions are represented asymptotically by s1 (x), 
81(z), and |S(x)| respectively in the sector 0<argxr<27. 

We will write H,, (a) = T(x) Hy (x), where 


Hy (x) = T* (@) R(x) T@+ 1) 
<T3(e#+1) R31 @+1) T@w+ 2)... 
el ae ai da 7) ee Pak). 


Thus H, (r) is a product of matrices of the form 


ie eee 
T (2) R> (a) Ta+l) = T(x) Bia) E she cvo)| Ta+1) 


= 14+ TFC) Te+), 


Since Oyls) 2 er) aA) —— al an) Since the first. 1c 
terms of 7~1(a+1) and 7'(x-+1) are the same as those of 
S—1(4+1) and S(v#-+1), we see from (109) and (111) that 


T («) Ro @) Tie#+ 1) 
1 


\ Oo B= | 
5 | Wii) ne pet Wie (x) || 
(C0) ee ye lie O1 1 
Be a e™ ag IP 
Pe ret OW (ae) Woo (x) | 
} \@e | 

where the functions (a) have the form 

Wy Wij | 
Wij -~ ae } ay 4 | reek’ 


‘Let us choose k& large enough so that the real parts of 
8, —f,—k and £3—8,—k are both < —2; then the right 
hand side of (115) may be written 
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| 0. \” 
] rs (2) (2) Pro (w) 1 
1 | se | = I+ 4 O(xr), 
‘ x | a 
4 | (2+) p21 (x) P22 (a) 


where 2 is an integer > 2 and the functions g(r) remain 
finite as x00. 
The matrix H;(7) may now be written 


7 [= 6G -n)| 


ae 


iis Ss 4 Oa@tr) Owts)t-... 


= 057 7 (G- ry (2+sy 


The zth element (¢ = 1, 2) of the second column is 


y 1 A vT+-r 
Oe + aie A ae (£2) ge2(a+r) 
r=0 (a + r) \ 0; 
(116) fe n—l > an Bleed | = oy | ne Be | - ets 
0) 8 oF +y/ Ne (x t i 0; by 


- 


< Piya +r) Pp(wts)+--- 


where dj. = 0 or 1 according as 7= 1 or 2. We need to 
prove that this converges uniformly as n+ 2%. Since the 
functions. yj (7) remain finite, we can tind constants Wand R 
such that gy(v)\< M tor 2 >R. Hence if all the points 
x“, +1, 2-+2, --- lie outside the:circle |z| = R, i. e., if 
x lies in the region D of Fig. 1. consisting of the entire plane 
except the part within a distance & of the negative axis of 
reals, the typical term in one of the sums in (116), namely 


er\er fines ee 
(a + ry (a + eee (a -+ w) \ ei | Oy \ Op). | 
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(Y,0,+++,9 J or 2). is Jess in absolute value than 
(<2) mM! 
\ 04 (x 4-4 (x 4+ 8 +++ (x + wy 


where / is the number of integers in the sequence 1, s,---, w; 

this follows from the fact that 
(£r\" , = a | Vy )’ ue 
= 0; Oy 0, ; 
(117) : . 
( oO" | Oy al (22)") 
bie heen 7 
0) Oy) Oy 0) 
since by hypothesis gz 0;|, and 7, 4,+--+,w are an in- 


creasing set of positive integers. The series (116) is there- 
fore Jess term by term in absolute value than 


0; y i) atm 
( i a : oy 2M ¢ | 
| dmwad, homed ! 
7 Ymal Beard | | / A rts ‘ 


An n+», this approaches the limit 


Pee. (ee) (1 aa) (1.2 }-} Uh 


2) \ 0 Vi oti |” 


since 4 2, the infinite product here converges, so. the 
elements of the second column of Hi(7) and hence of Hy, (x) 
converge uniformly to analytic funetions in the neighborhood 
of any point of the region D. Moreover, since 


Hy (a) P(e) RO} (a +1) +6) Bo (ae + m1) Ay—m (a+ m), 


where m may be taken so large that the point «#--m lies 
in D, we see that they converge also in the region excluded 
above; the only exceptions are the points 0, —1, —-2,--., 
which are the poles of elements of Ru! (7), Ro! (a--1), +... 
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The limit functions h1.(x7), hog(~) of the elements of the 
second column of H;, (x) are therefore analytic at every finite 
point of the plane except 0, —1, —2,---, where in general 
they have poles. 

The functions /y,2(x), hos (x) thus obtained are independent 
of the value of k chosen; for if 7’ (x) is the matrix obtained 
from S(x) by using a different value k’, we have for our 
product 


Ey(z) = RO@RoO(e+1)--- RO(@@4+n)T' @t+nt)) 
—= RoO(~)-..-RO(a@+n) Tietnt+]1) 
<T1@+tnt+1)T’ (xt+n+1), 


whose second column converges to the same limit as that 
of Hy (x), since 

lim TO(a+n+1) T’(a@+tn+1) = 

nn 
regardless of the values of & and k’. They form a solution 
of the system (107), since by the definition of A;, (x) 


Hy, ee = 1) = R(x) Ans1 (2), 


a relation which remains true for the elements of the second 
column as we pass to the limit. 

Consider now the behavior of /y2(~) and /ss(x%) for large 
values of ~. As we have seen, each element of the second 
column of Hy, (x) remains less in absolute value than (118), 
which is itself less than 
2M 


hese 
(*] ( So | acta |4 cea |) 


04 


1 
Oj = ou 


By the inequalities (28) and (29), these elements can be 
expressed in the form 


in (x) = dia-+ (2) 


07 | 


according as w is in the right or the left half plane; M,(x) 
is bounded for large values of a. The first form’ can also: 
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be used in the left half plane, except near the axis of reals, 
since as 2+ along any ray through the origin |v|. is 
proportional to «|, and the factor of proportionality can 
be included in M; (x). Since Hy, (x) = T(x) Hy (x), 


hiz (x) = tar () hig (x) + te (x) hide (x) 


= tr(2) + to) AP + ta @) (2) AD) 


(119) | 


The second and third terms in the bracket can be made 
arbitrarily small by taking /& and hence 2 sufficiently large. 
Hence /ys(x) and fss(~) are represented asymptotically by 
Si2(%) and Soo(x) respectively in the sector —a < arg x< 7. 
If x>o along a ray parallel to the negative axis of reals, 
7+—! is replaced by v~! in (119), and we see that hy (x) 
differs from t»(a) by terms of the order of v!~*; hence the 
first k terms of sj(x2) furnish a close approximation to /j2(~) 
if |» is taken sufficiently large.* 

Consider the first order equation 


Qi Qo 1 
(120) y@+1) = |R@) |y@) = ry: “a be Y™: 
where (x) is the determinant of the matrix R(x). This 
is satisfied formally by the series (110), and by § 1, Chap. II, 
an analytic solution which is represented asymptotically by 
this series in the sector —aw< arg x<. zm is furnished by 
the limit as no of the Seas 


1 | 
JRG@| |R@+1| | Re ze n)| 


| Ta@+tn+1)|; 


* The behavior of Iya (x) and Io (wv) as w—>eo along such a ray is in- 
vestigated furthet in § 9. 
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but this is simply the determinant of H,(x). Hence the 
latter converges uniformly to a limit function D(x) which 
is analytic except for poles at 2 = 0, —-1, —2, ---, where 
| R(x)|, | R(w+1)|, ---, vanish, and which is represented 
asymptotically by | S(z)| in the sector —w< argx<za. Its 
explicit form, as we see from § 3, A, Chap. II, is 

oy, 193 P(@) 
T+ B+ he +2) | 


dD (xr) = (Qs Se 0;) ) 


Since the asymptotic form of /’(7) holds to an arbitrary 
degree of approximation along a ray parallel to the negative 
axis of reals and sufficiently far above or below it, the same 
is true for D(x) 

In the same manner, by starting with the product G;, (7x) 
in (114), we can prove the second part of our existence 
theorem. The limit functions g,; (x), go1(~), and D(x) will 
in general have poles at the points —1— #6, —£s2, —§,—As, 
1—8,— £2, ---, since elements of R(xa—1), R(~—2), 
have poles at these points.* We have 


Oy ot F(x) 


T(r+6, +B: +2)" 


In proving the convergence of the elements of the second 
column of Hy(a) and of the first column ot G(x), we make 
use of the fact that e, = o. In dealing with the other 
column the rédles of 0, and oy are interchanged, so their 
elements in general diverge. If, however, | 0, | = |g.|, the 
elements of both columns converge, and give us two pairs 
of solutions which are represented asymptotically by the series 
Si1 (7), So, (”) and S12 (x), sao (x), one pair in the sector —a < 
arg «<7 and the other in the sector 0< arg x< 2a. 

The gap caused by the divergence of one column of Hy (x) 
and Gn(v) may be filled as follows. Let us define two 
pmeLions yrs (@), Yor (x) by the equations boas 


“Since the elements of the first row of R (w—1) are constants, “Gir (x) 
does not have a pole at —1—f,—/y. 
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yi (a) his @)| mee (x) has (a) | 
Yor (a) Neg (xr) ‘7 | yur (w+ 1) his (w@-+1) | ; 


= D(x); 


the latter is a non-homogeneous difference equation in y;; (7), 
and may be written 


(121) hye (x) yr (@ a) hye (a | 1) yu () = — D(z). 


The associated homogeneous equation has the solution /;2 (7), 
and by § 5, Chap. I, eq. (121) has the solution 

(122) yui(a) = lia (v)e@) = OW eee 
This and the function 


yor (a) = yui(e +1) = Ing (@ + 1) [e(x) + Ac@)| 


. id | —D(x) D(a) 
(123) = hy (x) S has (&) hos (2) Inyo (a) 


form a solution of the system (107); for since /y.(~) and 
Jigx (x) satisfy (107) and D(x) eq. (120), we have 


D(a 1 
Yor (+1) = hes (e + 1) [c(@z) + Ac] po : 
— 01 Oo & LS re 
=| alee EEOR a 
(0; +2) (2+ 1)+Ai 2+ Bo Q1 ee ae Die) 
. a Raya a | E OTe) has o| 
O02 D(a) 
a+ B+ Bet+2 hes (x) 
04 O27 (0, + @2)(a+1)+ Bios Pe o1 


(x) | 


x+8,+82+2 A ey A Te, Yoi (x). 


Similarly, from the equations 


| Gir (x) Yr2 (x) 


O14 (x) Yr3 (2) 
(acta ey 


| gear(x) — Yo2 (a) 


we obtain artother solution of (107), namely 
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D(x) 
| uw = ti mo) Soe fi Gar (@) gor (x) ’ 


s D(z) D(x) 
| ae Ome one oS Gu (x) 921 (x) 3 G1 (x) 


By suitably evaluating these sums we can obtain two sets 
of analytic solutions, as we shall see in the next two sections. 


§ 5. The intermediate solutions. 

IHR There exist two pairs of solutions yis(x), yo(x); 
yi2 (x), yoo (x) and yu), yu(x); Yie(~), ¥22(x) analytic 
everywhere except within a limited distance of the axis of 
reals, and having the property that for large values of « 
yy (a)~sy(x) in the sector —ax<argr<a and yijla)~siy(r) 
im the sector O<argx<2a. 

We may take yi2(x) = I2(x), yoo (x) = hoo(x), since hy(x) 
and /zs(x) have the properties stated. For the other solution 
of the first pair we use (122) and (123), evaluating the sum 
as an infinite series [cf. eq. (10)]: 


(124) -yha (x) = —Iio (a yo Die) 


n=1 lis (x — n) Nog (x =)" 


which represents an analytic function if it converges uni- 
formly. To prove that this is the case when « is sufficiently 
far from the axis of reals, consider the approximate form 
of a term of the series for such values of «7, as determined 
in § 4. We have to terms of the Ath order 


D(x) 
Tits (2) hos (x) 

—~ 25 d d&-D 

C0; Oa) le eee 
a ae, a - sk—1) ¥ : a a(k—1) 

2 > G2e 

esa P (sit Sa Be Ta Qn x he (sue k=l \ 
‘ Wy } 


Oye ae 7 He—D\s 
9 Bice Bo—fr i al . 
Ci '5y) = | Pet f eo +...+[—_}, 
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: 02— 01 8 
where the 7’sare known constants (in particular, »—°2 —* St), 


The series in (124) may therefore be written 


ealyct at 4 ne nb) ee), 


poo (x—n)ji1 (4 —n)F 


where J/ (~) is a function which is bounded for large values 
of |v}. Let |e,;| > |e.|; then the terms diminish in approxi- 
mately geometrical ratio for large values of , so the series 
converges uniformly in the neighborhood of points x suf- 
ficiently far above or below the axis of reals. Hence w(x) 
as given by (124) and ysr(~) = yu(#+1) form a solution 
of (107) which is analytic above and below a certain horizontal 
strip enclosing the axis of reals. 

In order to determine the asymptotic form of this solution, 
give x a fixed value, and separate the series (126) into two 
parts: (1) the first m terms in which n<4|a|, and (2) the 
remaining terms (cf.§7, Chap.1I). The first part may be 
written 


a ne Nn 
as (‘J a> (22) 
0» n=1 \01 


J 


where the functions J/;(z) and M'(x) are bounded, since the 
error caused by breaking off the convergent binomial ex- 
pansions at the Ath term is of the order of (n/a). The typical 
expression to be examined is 


me n abd A atu n 
By Ws oa? G 7 ¢ 
alters he red 


mel \ 01 


6% 
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where ¢ is a constant and 2 and w are integers from the 
set 0,1,2,---.k. A comparison of the sum on the right 
hand side with the sums >)j47/ evaluated in § 7, Chap. I, 
shows that the former is represented asymptotically by 
a constant for every value of 4 (for 2 = « = 0, the constant 
is g./(@,—@2)). The sum which involves M/’(x) is of the 
order of «", since 


where M and N are constants. ‘The first m terms of the 
series (126) are therefore represented asymptotically by 


0,\" a a’ 
| oo Pa (« ee eae | k 
Os x ig 
where the a’s are constants (in particular, @ = —~s,/s,). 


The terms after the mth diminish in approximately geometrical 
ratio, and they are all multiplied by the factor (@,/0,)”, 
which approaches zero exponentially as x increases; hence the 
second part of the series does not affect the asymptotic form. 

Substituting this expression in (124), and using the known 
asymptotic form of ,.(x7), which holds in the sector —a — 
arg «<1, we have 


is 
S19 
ae i Pee O12 
Ya — Fa (52+ Seat 
Dee s a’ 
Sc er ert TH ey fe 
Q2 | S2 X 
y aA \ 
eal b b 
te Og 
y Sf ba 


in this sector. For the other element of the solution we have 
' mn 
yor (x) == yr (a + Leta | ‘(e oa = ce c oe ve 
: - i gang 
Since these asymptotic expressions are formally équal_ ‘to 
yu) and y> (x), they must satisfy formally the system ¢107); 
they are series of the same form as s,;(7) and so), and . 
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they have precisely the same leading terms; hence they must 
be identical with the latter, on account of the uniqueness 
of these series. Thus yi (7)~ sii (x) and yor (7) ~ 821 (x) in the 
sector —7 <_argu<_ 7. 

In the argument above we took |g, >|o.|; if |e:| =| eel, 
as remarked in § 4, both columns of H,(~) converge, and the 
two solutions thus obtained satisfy the conditions of our theorem. 

Similarly we can prove the existence of the second pair of 
intermediate solutions, namely 11 (7) = gu. (~), 51 (7) = gor (x) 
and 


, . ~ D(x+n) 
{Fis oe gu (2 GO Wane)” 
oe iow + 1). 

The two solutions in each pair are linearly independent, 
since one is represented asymptotically by sy, (7), so:(~%) and 
the other by s,2(~), soo(~). The two pairs of intermediate 
solutions may therefore be combined into two matrix solutions 
Y’ (x) and Y’ (z) of eq. (108). It is evident from the definitions 
of the solutions y,1 (x) yo (x) and y2(x), yoo(x) at the end 
of $4 that the determinants of these matrices are equal to 
D(z) and D(x) respectively. 

The intermediate solutions are discussed further at the end 
of § 8. : 
§ 6. The principal solutions. 

By using a suitable contour integral to evaluate the sum 
in (122) we obtain an important set of solutions called the 
principal solutions. 

THEOREM. There exist two solutions hy, (7), hey(x) and 
Nya (x), he2(x) analytic throughout the finite part of the plane 
except for poles, and such that hi(a)~siyj(a) in any right 
half plane.* There exist two other solutions gi1(x), goi (x) and 
Sie (X), Joo(x) analytic except for poles, and such that gij(a)~ sy (a) 
in any left half plane. These properties in general determine 
the solutions uniquely. 


* By “any vight (or left) half plane” is meant the portion of the plane 
to the right (or left) of an arbitrary line parallel to the axis of imaginaries. 
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We can obviously take for h(x), hos (x) and 1 (~), gor (@) 
the solutions already denoted by these symbols, since they 
have the required properties. In case |e,| = |e|, the other 
two solutions furnished by the matrices H,(x) and Gn(x) 
may be taken as fy, (x), ho, (~) and giz (x), goo (x) respectively. 
Accordingly in what follows we will assume that |0,| >|. 

Let 


(127) 0 = 


Iisa (x) lize (x)? 


we see from the approximate form (125) that @(z) is analytic 
everywhere except within a limited distance of the negative 
axis of reals. Consider the integral 


ee M(t) dt 
I(x) = [ame See = 


where 2 is an integer and ZL is the contour » ABo of 
Fig. 6, consisting of two straight lines of inclination « and 
7m —eé, where € is a small positive angle, one below and one 


Fig. 6. 


above the region Q@ in which @(¢) is not eveywhere analytic, 
and a simple curve passing between ¢ = x and ¢ = x—1, 


x being a point in the right half plane far enough-to un 


right so that the region Q lies wholly within the Honbour.” 


: The: exact positions of the lines and the curve are of course iminaterial 
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Using (125), we see that the behavior of the integrand as 

too along the lines 40 and Boo depends on the exponential 

factors &°"”"'(9, /92)', or, if we use only the exponents, on 
[21 —4) wi + log e, —log a] t. 


SS 


Ii we write ¢ = o-+ it, the real part of this is 


o(log o,|—log|e@.|)—2ar 


(Sp EN, 
20 

since <0 in the second and third quadrants, and since 
0: > @, this is negative if |c/o| is sufficiently small. 
Hence if the angle « is taken sufficiently small, the inte- 
grand approaches zero exponentially along these lines; the 
integral therefore converges uniformly in the neighborhood 
of the point «. To show that /(x) gives us the sum of O(z), 
form the difference A/(x); this is equal to the integral of 
the same integrand over the closed path Ad’ B’ BA; but the 
integrand is analytic inside this region except for a simple 
pole at ¢ = x, where its residue is @(x)/2m7; hence 


ALG. O(p), or 1a) = S 2) 
Using this integral in (122), we obtain the solution 


ae M(t) dt 
[ha (x) —— hig (@) (ee (ee 


hes (7) = hile+)), 


which is analytic in a certain right half plane. But by 
repeated use of eqs. (107) or (108) we can express hy; (x) 
and Js, (x7) in terms of hy, (~-+m) and hey(~a-+m), where m 
is a positive integer which may be taken so large that the 
solution is analytic at ~-+m and hence at «x itself. This is 
true even if x is near the negative axis of reals; the only 
exceptions are the points « = 0, —1, —2, ---, where the 
determinants | R(x), |R(a-+1)|, ---, vanish; at those points 
the solution has poles. 

It remains to consider the asymptotic form of the solution. 
For this purpose we will separate the contour ZL into two 


(128) 
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parts as follows: let Z, be a fixed contour «4, B,% con- 
sisting of two straight lines of inclination « and #—e and 
a simple curve, enclosing all the singularities of @(¢); let 
L, be a loop enclosing all of the points x—1, x—2, --- 
which lie to the right of Z,, but not x, x+1,.---. These 
two contours together are obviously equivalent to L. 


Fig. 7. 


The part of the integral contributed by Z, is a periodic 
function of a, since the integrand is a periodic function of 
x and the contour is fixed. It may be written in either of 
the following two ways: 

ek p— Amit Ot) dt 
LI, 


ree o2mi(a—t) ’ 


oh a= [A — 7h a (t) dt , 
JL 


e—2ti (@—t) a2 i. ; 

in the first form the denominator is bounded as r>-+ x, 
since e?” then approaches zero; in the second form the 
denominator is bounded as v->—«. Hence the part of 
hii (~) contributed by L, may be written in the form 
hia (x) 7A*@ g(a) or his (x) 24D eae el 


~~. 


according as v is in the upper or lower half plane; .7(x).-and 


; me ao : : 
q (x) denote periodic functions which are bounded as"v> + & + 


. 


XA 
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and v->—oo respectively. Either form may be used if x is 
on the axis of reals. 

Consider now the part contributed by 2. Since the in- 
tegrand is analytic within /,. except for simple poles at 
t = x—1, x—2, ---, x——l, the integral can be expressed 
in terms of the residues at these points; we have namely 

1 
hyo (x) »> @M(x—n), 
n=1 
which consists of the first 7 terms of yi: (xv) [eq. (124)]; let 
us call it yi(~). Thus we have 


f Pera (ae) PP” 9 () + yi), 
Uh @ edo of @) yi), 


according as x is in the upper or lower half plane. 

The asymptotic form of ii(~) in the right half plane is 
the same as that of yi(~), since, as we saw in § 5, the 
asymptotic form of the latter is determined by the first im 
terms of the series; the argument in §5 applies without 
change even when x is near the axis of reals. Hence we 
have in the first quadrant Gnecluding the axis of reals) 


liye) = 


(129) hiy1 (4) ~ 812 (a) ee q(x) + 811 (x), 


and we need to determine which of the two terms has the 
ereater order of magnitude as x>a«. This depends on the 
exponential factors ef erhnio, ey or, if we divide by the second 
one and use only the exponents, on 


Day (2 4 log 02 —log O01 x, 0. 


2764 


So far we have put no conditions on the integer 4, and 
hence have not completely specified the solution ,; (7) which 
we are considering. Let us define 2 as the smallest integer 
which exceeds the real part of 


(130) log @; —log @. © 


oc: 2707 
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that is, let 4 be the integer such that 


arg 0; — arg 02 
256 


a= ma 


By choosing suitable determinations of arg @, and arg 2 
we may always have 


(P31) arg 0, —7 < argo, < argo, +7; 


then 4 = 1 if argo, = argo, and 4. = 0 if arg eo, < arg oe. 
We shall limit ourselves in general to such determinations. 

With this definition of 2, the real part of the expression 
2+ (log e@,—loge,)/277 lies between 0 and 1; the imaginary 
part is (log|e.|—log|e,|)/2a7, where the numerator is 
negative, since |9;| >|g2|. Hence we can write 


. a Me ] 
(132) Ppa see me 


211 DIGI" 


where 0<a@<1 andb>O. Since ~ is in the first quadrant, 
we have w>0, v0. The real part of the first exponent 
above is then 

(133) —bu—27av, 


which becomes negatively infinite as w><«; the second 
exponent has therefore the greater real part, so the second 
term in (129) is the dominant one, and /4; (x7)~s;; (#) in the 
first quadrant. 

In the fourth quadrant we have 


(134) Ins () 849 (x) 22D G (a) + 84 (w); 


here the dominant term depends on the exponents 


/ 


log Io 


2ni (A—1+ — = 108 es Jo, 0. 


. 


ait? 


The real part of the first is 


(135) —bu+t2a1—a)r, : 
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which becomes negatively infinite, since v <0, so the second 
term dominates again and /,,(7)~s,;(~) also in the fourth 
quadrant. The only exception is when a = 1, in which case 
the asymptotic form does not hold along rays parallel to 
the axis of imaginaries, since (135) then remains finite, so 
that the two terms in (129) are of equal order of magnitude. 
If however we use in place of the right half plane a halt 
plane bounded by a line inclined slightly to the vertical, 
ie. a sector —a/2+¢e< arga<a/2+6¢, where « is a 
sinall positive angle, 2,, (~) has the same asymptotic properties 
as When a@<(1; for the relation (129) holds throughout the 
upper half plane, and (133) remains negative in that part 
of the second quadrant for which v/(—w) > b/2ma, so that 
Jy, (7)~ sy; (x) in the above sector if ¢< tan! (2a a/b), regard- 
less of the value of a. 

If instead of the right half plane w>0O we consider any 
right half plane «> c, where c is any real constant, the first 
term in (133) and (135) may be positive, but it remains finite, 
so for large values of |v| these expressions are negative and 
‘our conclusions hold as before. 

The other element /,(x) of the solution is equal to 
Ji, (x2+1), so it is represented asymptotically in any right 
half plane by s,,;(a2+1) = s,(@z). It is evident from their 
asymptotic forms that the solutions hy, (7), N(x) and hy». (x), 
Jizo(x) are linearly independent; hence they may be combined 
into a matrix solution H(z) of eq. (108). The determinant 
of this matrix is equal to D(x) (ef. end of § 5). 

For the remaining solution we write 


Nome ie oN i (ot) aN 
(136) ye (x) ee du Ol € even 270% (ae—t) __ 1 ? 


(x) = ON (a ue 1); 


where “ 
D(t) 7 
ial (2) Yar (1) 


and 2’ is the smallest integer which exceeds or equals the 
real part of Gog e.—loge,)/277 (i.e., 4° = 1—4); the con- 


Dire 
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a 


tour L' is similar to Z, but extends to the right instead of 
to the left. A discussion similar to that above shows that 
this solution has the properties stated in the theorem. It 
may be combined with 4; (7), go: (~) to form a matrix solution 
(i(x), whose determinant is equal to D(z). 

Since the first element of any solution of the system (107) 
is a solution of the single equation (103) of the second order. 
we have proved that the latter equation possesses four 
solutions hi(a), he(a), 9: (x), 92 (x) [= Aur @), Mio), G11), 
dia (xz) respectively] such that h,(~)~S, (x) and hz (7) ~ 82 (x) 
in any right half plane, and gy, (7)~S,(x~) and g (7) ~S3 (7) 
in any left half plane. The tormer two are called the jist 
principal system or the first canonical system of solutions of 
eq. (103), and the latter two the second principal system or 
second canonical system of solutions. 

It remains to prove that there are no other solutions 
possessing the same properties. Consider first the solution 
Nya (x), hoo(xv); assume that there exists another solution 
hin (a), hoa (x) different from this such that hi (x7)~si2(a7) and 
ho, (x2)~ s820(v7) in any right half plane. Since the solutions 
his (x), roy (x) and Iyo(x), hoo (x) are linearly independent, we 
can write 
Lad | hye (x) = pr (@) Mis (a) + ps (x) Ina (2), 
ee | Ibs (x) = pr (x) he; (x) + pre (a) Aas (x) 


where p,(~) and p.(7) are periodic functions. If we divide 
the first equation by hio(~) and then let 2-2 parallel to 
the positive axis of reals, we have 


we 


1~ p, ( (x) yt pe (@), 


OY 
; / 0; “G B, 8 | Sy Ke \ ' 
~ ri (2 \"oP® (8 4.) 4 py), 
Se ¢ \ &2 


If @ > o  , the factor (@,/0.)” becomes infinite as r>0 : 
hence p, (x) must approach zero; but since p, (7) is periodic, 
this means that it vanishes identically. It follows that 
ps(v)~ I, and since pe (a) is also periodic, ps (7) = 1 identically. ; 
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Hence in this case hiy(~) = Ju(x), contrary to hypothesis. 
If 0, == |, the same argument applies if R(4) > R(~,). 
But both /y(x) and hj2(~) are single-valued analytic functions 
of 8; and for large values of x in the right half plane; 
hence the identity his(~) = hw(x) must hold even when 
R(B,) = R(B). Hence hyo(x), Aos(xv) is the only solution 
of (107) which is represented asymptotically by s,2 (x), see (x) 
in any right half plane. A similar argument shows that 
Ju (x), goi(v) is the only solution which is represented 
asymptotically by s11(~), 8:1 (~) in any left half plane. 
Consider now the solution /y; (7), (7). Assuming that 
there exists a different solution /i1 (x), hii(r) represented 
asymptotically by s); (7), s:1(~) in any right half plane, we 
can express the latter in terms of the /’s as in (137); solving 
for p(x), we have 
T(r) Ins (a) | 
| hos (x) hoe (x) | 
unr () hyz (x) | , 
Fat (x) hoe (x) | 


pi(x) = 


If x parallel to the positive axis of reals, both numerator 
and denominator are represented asymptotically by | S(z)|, 
so p,(z)~1, i.e., pi(z) = 1. Using this value, we see that 


hi bb —)y4 x 
Des ae = 


this is single-valued and analytic in a period strip sufficiently 
far to the right, except possibly at the ends, where we see 
from the asymptotic forms that 


: Ok 88 - 
lim po(x) (£2 ee? eae 1() 
T— > \ 01 


Writing ps (x) = q(z), where z = e?””, we have-at the upper 
end of the strip 


log @,—log o, 


lim, g(Z)¢ Pe ; (log ger Pa a 0, 
Z2—>? 
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» by (182), ete 
lim g@)e72z ™ (log 2) ™ = 0, 
0 


where 0<a<1. Ifa + 1, we see that g(z¢)z~* cannot 
have a pole at z= 0, since the other factors do not vanish 
to an order as high as the first; and since the same limit 
is approached as z>a if a + 1, q(z)z~* must vanish at 
z= oo. The single-valued analytic function ¢(z)z~* therefore 
has no singularity in the entire z-plane, so it must be a 
constant, namely zero. It follows that po(~) =O and 
hii (x) = h(x), which proves that the solution hi (~), ho (x) 
is uniquely determined by its asymptotic properties. A similar 
argument shows that the solution 2 (7), goo(x) is also unique 
Theres te 

In the exceptional case a — 1, the arguments of o,; and 
g. are the same (or differ by a multiple of 27), so the real 
part of the expression (130) is zero; if we replace the value 
4=1 by 4=—0 the solutions which we get have precisely 
the same asymptotic properties in the sector —7/2< arexv 
<m/2, since the expressions (133) and (135) remain negative 
if a = O instead of 1. There is thus a real indeterminateness 
in this case. 

In the argument above it is not necessary to assume that 
the asymptotic form of hij(~) agrees with that of sj(x) 
beyond the first term; hence a solution of eq. (103) is identified 
as one of the principal solutions if the first term of its 
asymptotic form coincides with the first term of S, (x) or 
Ss (x) in the right or left half plane. 


§ 7. Integral and series solutions. 

So far we have proved the existence of several solutions 
of eq. (103), characterized by certain asymptotic properties. 
We will now obtain solutions in terms of definite integr als 
and convergent infinite series, among which can be identified 


the solutions already obtained. For this purpose.-we make 
use of the Laplace transformation a 
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*) 

(138) yo) = | 4 o(Hat 
[ef. eq. (68)], and seek to determine a function v(f) and a path 
of integration which will make this integral a solution of 
eq. (103). 

By integration by parts, 

» a any 
| SS IGY ie begs rOl—I, [ko] at. 


eJ( 


Substituting the integral (138) in eq. (103), and using this 
formula for / = 0, 1, and 2, we find that the left hand 
side reduces to 


a d 
Je} - 4 tee) (a) oO] 


+o [4+ &+2t(—@+De—G+ Ded! at 
+. [tC — 61) es) oO). 


This will be equal to zero if the integrand vanishes identically 
and if @ and } are so chosen that the integrated part also 
vanishes. Equating the integrand to zero and simplifying, 
we find that v(¢) must satisfy the differential equation 


y (t) ! By Be 


HO) athe ai eer, 


a solution of which is 


v(t) = (te) (¢—e0)". 
Eq. (103) is therefore satisfied by the integral 
+) 3 B 
39) ya) = [ete (ee) at, 
provided @ and } are so chosen that 


(140) [i (t—o,)* G0.) eal ==), 


The expreksion in brackets vanishes at t= 0 if R(~)>0; 
at ¢ == 0; if #21 6,) >—1; at t= o if R(é,) >—1;. and 
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at t= © if R(@+A,+f)<—2. By taking for a and b 
any two of these four values, we obtain six solutions of 
eq. (103) of the form (139), each of which is valid under 
certain conditions on x, £,, and 4, namely 


hse) = 


J0 


[R(x) >0, R(B) > 


i) — [ore (t— 0.2 dt, 

[Rk (2+ 8, + 8:)<0,* R(6,) >— ‘|; 
goo) = foray ea) at, 

[R (w+ 8, +B) <0,* R(e:) > —1]; 
Ley == [oer (t— 0.) dt, 

Lh) = = Lee) 
m (x) = i 17 (t—0,)! (t—@.) dé, 

[R(x) > 0, R(a@+ 4, +8) < 0*]. 


i}; 


( 1 P 7 
hy (2) = t?—* (t— 0, (¢— 2)" dt, 
[R@) > 0, RB) >—1]; 
[Sy (t—o1)" Ge, )at, 
(141) 
{ 


To make these solutions perfectly definite, it is necessary 
to specify the paths of integration and the determinations 
of the multiple-valued factors of the integrand which we are 
using. We will take the paths of integration in /,(~) and 
h,(v) as the straight lines joining 0 to oe; and es, and in 
gn (x) and gs (a) as the prolongations of these lines; accordingly 


in i,(x) and g,(x) we naturally take arg ¢ = arg o,, and 
in ho(x) and go(~) arg t = arg oy. Similarly in g,(~) and 


g2(x) we take arg (t{—o,) = arg 0, and arg (t—e.) = arg os 
respectively. In /,(#) and hs(~) we will take arg (t—@,) 

* The integrals g; (®), go (x), and m(a) converge absolutely and uniformly 
as too in the neighborhood of any point x in the half plane R(w+ 8, 
+ P2)<0; hence the integrals represent solutions of eq. (103) iy this half < 
plane, even though the condition (140) is satisfied only in the halfplane 
R (e+ Bi + Px) — —2. Of. Osgood: Lehrbuch der Funktiontheoyie E(Qnd ed.), 
pp. 450-452. Sie 
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= arg @, + 7 and arg (t— oy) = arg o.-+7 respectively. The 
argument of the remaining factor in each integrand varies 
as we move along the path; if arg 0, = arg o., we will take 
arg (f—@2) between arg g, and arg o.-+7 in fy, (x) and g, (7), 
and arg ({—o,) between arg o,-+ 7 and arg oe, +27 in he (x) 
and go (x); if arg e; <arg gs, we will take arg (¢ — @2) between 
arg 2-7 and arg @2-+27 in h, (w) and g(x), and arg (f—9,) 
between arg @, and arg e,+7 in ho(x) and go(x). If arg o, 
= arg Qo, we will let the path of integration in h, (@) avoid 
the point e, by passing along a small semicircular arc to the 
left of e., and let the path in g.(~) avoid the point @, in 
a similar fashion (ef. Fig. 10). In /(x) we will take the path 
of integration as the straight line from o, to @,, and let 
arg ¢ go from arg, to argo,. If arg o, = arg os, we will 
take for arg (t—o,) the value which lies between arg e,-+7 
and arg 0,+27, and for arg (t{—o,.) the value between 
arg 0. and arg o,-+7; if arg 0,<argos, we will take for 
arg ({—o,) the value between arg oe, and arg o,+7, and 
for arg ({—g,) the value between arg o.-+7 and arg 0, +27. 
In m(x) we will take for the path of integration any straight 
line from 0 to o in the sector arg 0, —27 < arg t< argo, 
if arg @, & arg Qe, or in the sector arg 0, —2” < argi<arg 0, 
if arg 0, << argos; for definiteness let us take the ray which 
passes through the point —-e,. On this ray we will take 
arg ¢ = arg 0,— 7 and arg (t{—o,) = arg o,-+7; if arg o, 
= arg 02, we will take arg (¢t—o2) between arg o,-+7 and 
arg @2+27, and if arg o,< argo we will take it between 
arg og, and arg 0.-+7. 

The restrictions on w, @,, and ® may be avoided by re- 
placing the straight line paths by suitable contours; thus if 
R(B,) < —1, we may use for f(x) a loop circuit /, starting 
and ending at ¢ = 0 and passing around ¢ — @ in the 
positive direction, and for g, (7) a loop L, starting and ending 
at {=o and passing around ¢ = 9g, in the positive direction 
(Fig. 8).* The argument of ¢—o, may be taken as increasing 


* Of. Norlund:. Differenzenrechnung, Chap. XI. 
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from arg o,-+ 7 to arg 
+37 on /,, and from 
argo, to argo,-+27 
on L,, while arg? has 
values near arg 0;, and 
arg ({—o.) is deter- 
mined in the same way 
as for the straight line 
integrals. The solutions 
hi(~) and gi(~) thus 
obtained are each valid 
in a half plane, and they differ from /,(7) and g, (x) 
previously defined, in case the latter exist, only by a constant 
factor, namely 


(142) Nh (a 


Fig. 8. 


ees) his ry, n(x) = = (f-=2. Pi) Nn (x) 


as we see by shrinking each loop down to a line segment 
and a small circle about @,. 

All the restrictions are removed if we use double loop 
circuits, like that described in $ 3, Chap. II (cf. Fig. 5). 
about two of the points 0, 0, @., 2. We obtain thus six 
solutions which are entire functions. They differ from the 
six solutions (141), when the latter exist, only by periodic 
factors [cf. eq. (90)]. We have namely 


hy (a = = (1—e avs ise he (x), 
gi (x) = (1— es) (1 — OM OTA TBD) q(x), 
gf : = (1— es) (1 —e PP OHATPD) , (ar) , 
” (@) = a—e™) (1 — 22) 1), 
| mm (at) <== 4 Te foe) ae eer Ere) m (x) 


it (@) = Ue") Gs-2 “Shae 
) 
) 


Since the solutions on the left are valid for all values of 
x, By, and #2, we will regard eqs. (143) as defining the solutions 


* For a further discussion of these double loop cireuits, see Barnes: 
Messenger of Math., 34 (1904), pp. 52-71. i 
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hy (x), he (a), gy (x), go (x), Fr), and m(~) whenever the integrals 
in (141) are not valid. We will assume for the present that 
neither 6, nor 6, is a negative integer, since some of the 
solutions are meaningless in that case; these excluded values 
will be discussed in $10. We see that /(a) is an entire 
function, while the other five solutions are analytic throughout 
the finite part of the plane except for possible poles at points 
where the periodic factors vanish. 

Consider the solution /, (7) in (141); if we set ¢ = 7, 


then {—o0, = —o,(1—r) and 
== t 
¢—- 05 —— (0; —05)) | ——————— |) —— 05. 1 
@ = (aes) (1—— @s(1—* 
where x = 0,/0,.* Using the first form of {—o., we have 


> Va (CLs. 2 == iy Us 
hy (x) = (— ie (0: — 0s)? 91 I EN ae f es “y at. 


If |1—x|>1, the last factor of the integrand can be 
expanded by the binomial theorem and the resulting series 
integrated term by term with the aid of eq. (89). If the 
restrictions R(x) >> 0, R(’,) >—1 are not satisfied, we may 
use the definition of /,(”) given in (143) and evaluate /1’ (x) 
by means of eq. (90). In either case we find that 


hy (a) == (= 01)°(o, = 02)? gi |B (2, 8: +1) 


Be acePena | 


94, 
F(a) T(& +1) 
T@+h&+1) 
(1 BA +1 P| 
1—x r+6,+1 | 
= (— e1)" (1 — 2)" ot Bla, B +1) 
<F (8 +1, Gomem oe aes i 


7 1—z 


2 \ 
= (— 0)" (a, — 00)” of 


where /' denotes the hypergeometric function (100). Since 
the variable x occurs only in the third argument of F, this 


*We will suspend temporarily our convention that |e,| > |e 


mk 


/ 
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hypergeometric series is included in the class of factorial 
series, defined by eq. (98). If e, and @ have values such 
that |1—z*|>1, it converges for all values of x except 
—$,—1, —&,—2, —8,—3, ---; even at these points h, (x) 
is analytic, since the series is multiplied by B(x, 6, +1), 
which has a zero of the first order at these points. The 
only points where /, (x) is not analytic are x — 0, —1, —2,---, 
where B(x, 6, +1) has poles of the first order. 

Using the second form of t—o., we find in the same 
way that 


hy (2) = (— er)? (— @2)* a” B(x, 8 +1) 
~F (0, As, e+ 841,2), 
provided |x|>1. Two other forms for h,(z) are obtained 


if we set t = 0, o2t/[e:—o,(1—7], which may be written 
in either of the forms 


I t fe Ree 2) ak 
i ’ at (1— ; 
Q2 \ a 


x 


=| ane y ee E74 
—e,(1—n(1— ss) ‘ 01 (01 — Q2) (1 A(t Lie = 


== % 
and 


/ 


02 (1 


respectively. With these values we obtain the forms (b) 
and (d) of /y(~%) in (144) below, which are valid if. 1—z!~>1 
and |x|>1 respectively. 

Similarly, if we use in ho(x) the transformations 


and evaluate the integral in the same ways as “above, we 
obtain the four forms in (145). These results might be derived 


Jt? 


1D Zs INTEGRAL AND SERIES SOLUTIONS 101 


from those for /,(a) by interchanging 0, and o., 8, and fs, 
since this interchange leaves eq. (103) unaltered. 

The other four solutions in (141) or (143) may be evaluated 
in a similar fashion. We obtain thus a set of 24 solutions 
of eq. (103) in terms of hypergeometric series, analogous to 
the 24 series which satisfy the hypergeometric differential 
equation. They are namely: 


(a) (—2,)?! (0, — @0)8 of Bla, 8: +1) 
il 
<P (Bi +1, As, 2 &, 4 Ub al 


S 


(b) (—en)?* (— 00)" els @ bee w 


1 
=F (2, a+68,+8+1,7+4,4+1, oe ) 
(144) hy(x); x 


(c) (—e1)® (— es)” of B(x, & +1) 
<F (x, — fs, x-+ By 1,2), 


(d) —o, 7 (a— Qs) eats on ti Ba Bi) 
1 
<Flr tata +1 BL ba +h); 


((a) (—@2)?* (@2— 1) of Bia, Bsr 1) 


<P (8, Pl hint es ear 


(b) (21)? (20) (= 
01 -~ Q2 
(145) hex)? <P ln, 2t tate beth 7), 


(c) (01)?! (— es)” o? B(a, Bs +1) 
< F(a, fhe Hho 1, z), 
q 97 P(g, — a) P88 Gt Bw, Bs +1) 
2 x P(et+8,+8+1, be +1,2+8%+1, 4%); 


ral iene 
Oo -0O 
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(a) —(@@— a2) of B(B +1, —2— 8, — By) 
Re 
> F(a, ae Clete 1\—a—f, —“—}, 


(De (0:—e2)" Pit Ps B(&y+ ile —4—8,— Bs) 
cs P(t L,—_X Ay Bo, 1 r— br, | ; 
=| 


(146) g,(7) 
(c) (op oye Hie = BB, t- 1, %L— f— Ba) 


a Ti x, By 1,1 a Bsa) 

(d) —9,77 > B(B, +1, —2—8, —Bs) 
| < F( C= fi— Bs; Be, 1—2— by, x); 
+8: B(8,+1,—a2—B,—Ay) 


((2) —(e2 01)" oF 2 
1 
Sol eet is 
1—~z 
6,7 Pes BEB: | iP 7 B, Be) 


2°] 
om 
Se 


Bs) 


(0) = (03 
< FI =f =O aoe 


(147) glx) 4 
|(c) —(@s— 0, ya +p, ae rol a 


<F (1—a, Bs -+ T > fh Bi. 
Zz 


CV IC! SR ashy) 
es F\ 2 By, a -| : 
\ C4 / 


(a) (—1)""** (es—o, Pe 9? B(B, +1, &+1) 
x FU——m, Bi 1, 8, hse, 1==@), 

(b) (—o,) (@2—@,)?" Ps "op P2 B(8,;-+1, Be+1) 

2, 1— x), 


>< FF (@+8i+4+1, &-+1, &+424+2, 

1)" (¢,— 0," Bs osc B(B, +1. 8+1) 
rime atiatmets 2), 

of PU Bien 1 6.219 


<P (e848: 41,8418 +a42,"=") 


(148) I(x)4(c) (— 


Se 
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(a) (—e1)"* (9)? B(x, —x—B\— Bs) 
< F (x, — B,, —8,— Be, 1— x), 
(b) (—ei)? tit B(a, —x—B,— By) 
< F (—a—,—f2, — 2, —Bi— Bs, 1—*), 
(149) ma) 4(c) (—e@2)"* (— an)! B(x, —a— 8, — 22) 


x—| 
z i (, Dap 5. ), 


4 
(d) (gs) "2 B(aw, —x—B,— be) 
4%—] a 
| <F | Ste a Sie a ice p ea ae iP 


td 


The convergence of the hypergeometric series depends on 
the fourth argument, which is a function of x = 09/o,. If 
go, and os have values such that the fourth argument is 
less than 1 in absolute value the series converges for all 
values of x; if it is greater than 1 the series diverges 
The fourth argument cannot be equal to 1, since by hypo- 
thesis eo; and gs are different from each other; it may however 
have its absolute value equal to 1; in this case the hyper- 
geometric series (100) converges if R(y—«—)>—1, and 
diverges if R(y—a—f)=<=—1. If the expression y—a—£ 
for one of the series above involves x, this means that the 
series converges in a certain half plane; if not, the convergence 
depends on the values of 8, and, 4. The series break down 
when the third argument is zero or a negative integer, but, 
as pointed out in connection with /,(~”) above, the solutions 


*The transformations of the variable of integration needed in deriving 
the above forms for /i,(x) and hs.(x) have already been stated; for the 
other four solutions they are as follows. 


gw): (0), @), t= TAO) ah 
95 camel ee 
Oo 02 — QT 
J2 (x): (a), (d), t= a ) (b), (c), t= ee } 
pene 


(a): (a), (2), t=e—@—e@)t; ©), @, t= ——A2 —_ 


01 — (1 — G2) 


—oO,T 


ma): @), Oy t=; ), ©, t= 


1 l—t 
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remain analytic at such points, and their values can be 
obtained from the series of beta functions from which the 
hypergeometric series were derived. 

Under our convention that |o,| = |o.|, i.e. |*| S 1, at 
least one of the four series for hy(~) and g, (x7) converges 
for all possible values of 0,, @2, 4, and 4; for if 0, > @ . 
the series (145¢), (145d), (146c), (146d) all converge, while 
if |e,| = |o.|, the series (145d) and (146c) converge when 
R(8, + Bs) <0 and (145c¢) and (146d) when R (8, + 82) > —2. 

In the case of the solutions h,(~) and gs (x), however, all 
of the series diverge if 0, and o, have values such that # 
lies inside both the circles |x| = 1 and 1—z| = 1. In 
this case series which are convergent, though of a less simple 
form, can be obtained as follows. In evaluating the integral 
form of h,(x), instead of setting ¢ = o,¢ as above, let us 

: 


Set (== 070s then 


ay 1 / 7 W\ 2B 
. Maker, 3, 7 i FY} l==t Pe di 
In (0) = (eee o? [8 Ce i eae zy 


1—z i) 


If the third factor of the integrand is expanded by the 
binomial theorem, the resulting series converges inside a circle 
with its center at ¢ — 1 and with the point + = z” on its 
circumference. If x does not lie on the axis of reals between 
Oand 1 (i.e., if argo, + argos), we can give » a positive real 
value large enough so that #” lies outside the circle s—1 — 

if x does lie on the positive axis of reals, it is necessary to 
give » a complex value. The third factor will then be 
analytic inside a circle with center + = 1 and radius greater 
than 1. The second factor of the integrand is analytie every- 
where in the c-plane except at + — 1. By the binomial 
theorem, 


1 1 j / v= 
I—r® = 1—[1—(1—v]® = 1 St ! at 
0) 2! ee a hs 


which converges for |1—r <1. Substituting this inthe 
second and third factors of the integrand, we have’ 


. 
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] i Py Py Me 
i (x) 7 —2)) (01 — 0) “Qy 


ibys : 
>< | e” ‘(l —r1)" [Ao Ar (1 —2) --- -] az, 


1) 
where 


ee i is 8; (@ — 1) By 


a a ie Ee = 
whit 2 @Pr' (1 —z) per 


CLG 


The power series here converges in the neighborhood of 
«= 1;* but the function it represents has no singularities 
nearer to 1 than #”; hence the radius of convergence must 
exceed 1. We can therefore integrate term by term if 
R(x/)>0, R(8,)>—1, and obtain the series 


hy (7) = (—e.) (0, — 02)" o r (=) 
P(8, + 1) ee 
r(Ztati) r(2+a+9] 


He Agent eae 


] 


Ao 


The coetficient of A, is equal approximately for large values 


of n to (8, +n+1) ”, as we see from (65); comparison 
with the absolutely convergent series 


Aya Ai sé) Ag (1-6), 


where « is a sufficiently small positive constant, shows that 
the series for /,(x) converges uniformly in the neighborhood 
of every value of x. It may be written as a factorial series: 


tr, (x) = (—o,)" (0, — 02) of B ee B, + i 


<|Ao+ Ay Rigel d 
(150) } ay 
| + Ap (6, +1) (6, +2) | oi 
, ((24441)(2 +442} 


* Of. e.g. Knopp:. Theorie und Anwendung der unendlichen Reihen 
(2nd ed.), 104, p. 179. 
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Evaluating g2(7) in the same way, we have 


Je (2) = (0s On) ale B —— , Be 1) 
1ESyiL y+] 
(151) 4 Seeds 2 A! rere ae 
=— = +h 


(2) 


where A} differs from 4; only by the interchange of 4, and y. 

We will now prove that the solutions ), (7), he(x). 91 (~). 
g(x) are identical with the principal solutions /,; (a), My (7), 
1u(”), Gi2(a) obtained in § 6. From (144a) and (145a), in 
which the hypergeometric functions contain x» only in their 
third arguments, we see with the aid of (65) that if r>x 
in the right half plane 


lim lou aft h, (x)] — ton). Gra) I(B; a ay 
L—>0 


lim [e2 ” af hy (x)] = (— ie (02— 0)" I(8s + 1). 
SL 
In case (144a) is divergent we may use (150), and in case 
(145a) is divergent we obtain the same limit from (145c) 
or (145d), in which the hypergeometric functions approach 
the binomial expansions of (1—z)* and (1—z) "1 as 
x—>co. Hence if we write 


(152) {" = Cal a—e TA + 1); 
8. = (—¢2)"* (g— er)?! (Bo + 1), 


we see that 44 (7) and hs(~) are represented asymptotically 
by the first term of S;(”) and S (x) respectively in the right 
half plane. This is sufficient, as we saw at the end of § 6, 
to -prove that hy (a) == Ay, (x) and he (a) = hys (x). 

Now let «+o in the left half plane; (—a)—oo in the 
right half plane, and we have from (146a) and (147 a) 


Lim [ora 9, (a) = (—er)* (1 — ea (+ AP="s,, 
ew 0 E 


; @ Bott 3. i oe ane eS a 
lim | o» Pe df2 (r)] : (= 09)? (05 — 0, )P} / (Bs Se ee 


woo * 
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Tf (46a) and (147a) are divergent we may use (146¢) or 
(146d) and (151). Hence g,(v) and gz.(x) are represented 
asymptotically by the first term of S,(7) and S,(a”) in the 
left half plane, and this identifies them with g,,(~) and 
Ji2 (x) respectively. 

The principal solutions may also be expressed by means 
of series of partial fractions.* Let a be a point on the 
straight line joining 0 and o,;, nearer to 0 than go: is. The 
contour consisting of the straight line segment from 0 to a, 
a loop /y enclosing 9, but not os, and the straight line segment 
from a back to O is equivalent to the loop 7, of Fig. 8, so 
if R(x) > 0 we have 


Mv) = 
Sr gel Ge yt 
= 1— enh | ed) att} (ATW Mas 


The last integral is an entire function, which we will denote 
27018 “2 . ‘ 
by 1—e “)E, (x); then if 8, is not an integer 


oni8.. , 
e Ps) hy (x) 


hy, (x) =a By (x) -— (— 01)” (— @»)P2 


a \p ye) 
fF Wel Bs 
=| fot (1— =| (t= dt. 
0 \ 01 Q2 


If we expand the second and third factors of the integrand 
by the binomial theorem, the resulting series converge 
absolutely and uniformly along the path of integration, since 
'a|< o,. Multiplying them together and integrating term 
by term, we have 


: ; iy pee a B As a 
Ms ) a es (@) a ia ee i = ¢2)! “| G fe : ls | a+ iv 
uu A\(8:—1) of By Be ! a a ee i 
202 0; Os 203 x+2 | 


It is evident from the way this series was derived that it 
converges if R(x) >0O. It also converges for all other values 
of x except 0, —1, —2,---; for the convergence of a series 


* Of. Norlund: ‘Differenzenrechnung, p. 330. 
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depends on the terms after the mth, where » is arbitrarily 
large; hence even if R(x)<0 we can choose n large enough 
so that R(a-+n)>0, and the terms after the mth are then 
obtained by integrating term by term a uniformly convergent 
series. The convergence is uniform with respect to x in the 
neighborhood of any point except 0, —1, —2,---, so the 
series defines an analytic: function of a; it is equal to /, (x) 
when R(x) >0, but since both /,(7) and the series are 
analytic for all values. of @ except 0, —1,—2,---, they 
are identically equal. 

Similarly, if 6 is a point on the straight line segment 
joining 0 and gs, and if 4, is not an integer, 


hig (a) = Bs (a) + (— 0)? (— 02) 


<|4 (= l er ome 23 
ay 0 0) e+1 ; 


where F(x) is an entire function. We see from these partial 
fraction series that the residues of h,(z) and ho(x) at the 
poles 0, —1, —2,---, are the coefficients of the expansion 
OL wihjeabout: t-—=—=0; 

In the same way, if we take points ¢ and d on the straight 
lines 9,0 and @,% at a distance from the origin greater 
than |e,|, we find that if 8, and @ respectively are not 
integers 
g(a) = (ar) ETB it Re [ -- Lie 81 01 + B2 Qs o 

x+B8,+ Be el@-+8,--h,—1) 
B,(8,—1) of + 28, 8, 0, +8, (8,— 1) @ 
2¢*(2+ 8, +82— 2) ae |, 
Papen 
eeu 


ge (x) —= Eb(a) + qztertes | 


eRe 
d(x Sane =a: 

3 “ / > 7 . a . « 2 . 
where £i(7) and £3(7) are entire functions; these series 
converge uniformly in the neighborhood of every paint*except 
—B,— B82, 1—B,— As, +--+. We see that the residués of gi (ry 
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and g2(x) at the poles —@,—,, 1—f,—A2, --- are the 
coefficients of the expansion of f° 2 v(#) about f=. 
The series (148) and (149) for /(x) and m(z) are all 
divergent if |1—z|>1. In this case we can obtain con- 
vergent developments by expressing these solutions in terms 
ot the principal solutions, as we shall see in the next section. 


§ 8. Relations between the solutions. 
The fundamental periodic functions. 

Since /,(~) and hy(x) are linearly independent, they form 
a fundamental system of solutions of eq. (103), and every 
solution can be expressed in the form p,;(~) 2y(~) + po (x) he(x), 
where p,(x) and s(x) are periodic functions. Likewise g,(z) 
and gs(z) form a fundamental system of solutions. The 
periodic functions by means of which h,(~) and /z(x) are 
expressed in terms of g,(~) and g(x) and vice versa are of 
particular importance, and are called the fundamental periodic 
Junctions. We proceed to determine the explicit form of 
these and also of the periodic functions by means of which 
I(x) and m(x) are expressed 
in terms of the principal 
solutions. 

Recalling our choice (131) 
of argo, and arg dz, let us sup- 
pose first that argo, > argos, 
and consider the integral 


fen (t{—o, yh Cc 0)" dt 


over the closed contour 
ABCDEFA of Fig. 9, made 
up of straight line segments 
and circular arcs. Since the 
contour contains no singular 
point of the integrand, the 
integral vanishes. If L(x) 
>1, R(f,) 580, and R(-) Fig. 9. Fig. 10. 


loo) 


I 


Q;° 


“Q, 
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> 0, we can let the radius of each of the circular ares 
approach zero; the part of the integral contributed by the ares 
then approaches zero, and we have in the limit (omitting 


the integrands) 
Ica edn 


Let us choose the arguments of the factors of the integrand 
so that arg ¢ = argo, and arg (t—o.) — argo.+7 on AB, 
and arg (t— 0,) = argo,+ 7 on /'F; then by the definitions 
of the preceding section the three integrals are s(x), I(x), 
and h, (x) respectively, so we have 


(153) I(x) == h(a) —hy (a 


Similarly, the integral over the closed contour CDG HLJC 
of Fig. 9 vanishes. Lf Be 6)-- 6)=. 0, h(S,) OO) and 
R(8s) > 0, we can let the radius of the arcs DG and JC 
approach 0, and that of HZ increase indefinitely; then we 
have in the limit 


° 
2; a 
QO, eo Jn 


If we choose the arguments of ¢, t—o,, and #—o, so that 
they are the same on C'PD as in the previous case, the first 
integral is /(~) and the third g. (7); but in the second integral 
the argument of ¢—g, is argoe,-+2, so it is not equal to 
gi (x), in which arg (¢—o,) = arg o,, but what g; (~) becomes 
when arg (t—o,) is increased by 2a, namely Pala 1 (x): 
hence 

154) L(x) = &P g, (x) —gs (x) 


If arg eo, arg e., we need merely to interchange oe; and 
g2 in Fig. 9 and integrate over the same contours; eq. (153) 
remains unaltered and (154) becomes 


(155) L(x) = 9, (x) —e 2 9, (x). Pe 


Since both sides of eqs. (153), (154), and (155) aré analytic 
for all values of a, 4,, and 8, (aside from the pares at tlre 
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solutions), these results must be identities, so we can drop 
the restrictions placed on x, 8,, and 8, above. 

If in Fig.9 we increase the argument of 0. until it is 
equal to that of e,, we get Fig. 10, from which we see that 


le a “21 Qo 
a4 = ae 
Ain ache ’ 

J0 Oy, J0 ee 


if we start with arg? = = arg @. (= argo,) and arg (f—o,) 
= arg (t—o.) — argo,+a, these ee show that 
eqs. (153) and (154) continue to hold when ALC OM Or 05a 
Returning to the case D 
arg @; > arg 0s, let us 
integrate over the 
contour ABCDHFA 
en Bivoiie Mik) 
Baie (he) 05) and 
R(x+ B+ b)<.0, we 
can let the radius of 
the arcs AF and BC 
approach zero, and that 
otf DE increase in- 
definitely ; then in the 
limit 


05 °05 20 , 
it ee 
oe ~ e Riga, 


If we take arg¢ = argo, and arg(t{—os) — arg 0,+7 on 
AB, with arg ({—o,) between argoe,+7 and argo,+27, 
the three integrals are respectively h.(x), ¢”"* go (x), and 
m (az); hence 

(156) mie) = hile 


PEED Jo (x) ; 


Integrate now over the contour GHJJHFG, taking 
arg ¢ = argo, and arg (t—g,) = arge, +7 on GH, with 
cents to our definition of the integer 4 in § 6, the case arg eo; = arg oo 


is the ae case of arg 01 > arg Qo, as we have taken it here, and not of 


O01 < ALY Oo. . 
a 1 ¢ 
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arg ({—@2) between argo, and arge+m If R(w)>1, 
R(8,)>0, and R(«+4,+,)<0, we can let the radius 
of the ares FG and AJ approach zero, and that of JL 
increase indefinitely, so 


0; 0; pe 
f Wg Pied Hate 
0 io) J0 


The three integrals are respectively 7, (x), gi (x), and e?”” m(x); 
hence 


(157) em? m(a) = hy (x)—gy (2). 
Se Ree If argo,< argos, we find similarly that 


(158) m(x) = hi (a) — eg, (x), 
(159) em (x) = he (x) — go (a). 


Equations (156)-(159) are all identities in 
xz, &,, and 83, so we can drop the re- 
strictions on these quantities. 

If we increase argo, in Fig. 11 until it is 
equal to argg,, the two contours used above 
0.. ; become like those in Fig. 12, and we see 
; that (156) and (157) continue to hold. 

If we equate the values of /(7) in eqs. (153) 
and (154) and the values of m() in eqs. (156) 
and (157), we obtain the equations 


?,° 0, 


O- ‘0 oe 
hy (x) — hy (x) — on P1 at (x) eam i) (a) ‘ 
hy (2) — 9, (a) = 7 hy (a) 
— ger hs) qs (x) ; 
Ax coo ~=©6- Eliminating in turn f(x) and fh, (7) between 
Fig. 12 these, we obtain the equations 
i ee By) (i etPs) jt 
| eG) == {aie (x) 4 lee (ae 
(160) rae aed , 
ites ere, — eo (w+f,) 
hs (x) = ——3—— 91 (x) + ———_ —— 92 (x)* 
af | — err 1 \* l | — ertiv 92 WY ]2 


Se | 
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which express the solutions of the first principal system in 
terms of those of the second in the case arge,; — argos, or 
41. Proceeding similarly with eqs. (153), (155), (158), 
and (159), we find that 


| T rela (x B,) it att pees 
| hy (a) = Li eee panic JA (x) (ee ne Ja (a), 
2 J ; 
(161) 4 | as P7BLY 6 ome __ pmi@e+p,) 
3)\ Ss ») I wet SS rt hah 
| Ns (a). = ise =o gue Nn (x) ! 1 — e2mix G2 (x) 


in the case arge;<arge,, or 4==0. These two pairs of 
equations may be combined in the form 


eee 27 (@+8,) puhmin 
hy (a) = | einie 9 gi (x) oT 5 ee Jo (a 5 
fd 19) 
(162) | , eo Min 1 Bae) 
ee NOM cteSegi i 
| hy (7) 92h Nn (x) 1 — erix 92 (x), 
where a 
(163) == (Se ey G@ == l-=e *, 


If we increase the argument of o, by 2h7, where k is 
any Integer, g2 (x) and hz (x) have to be replaced by e~ 2" gp (x) 
and er h(x); but 4 is diminished by k, so eqs. (162) 
remain true for all values of 2, i.e., for arbitrary deter- 
minations of argo, and args. 

The periodic functions in (162) are what we called at the 
beginning of this section the fundamental periodic functions. 
They form a matrix 

fe | pas (7) P12 | 
Re == ; 
Parr) pax (x) | 


270i (x+B,) 2(1—A) mie 
1 é Py é 


(164) —— | 
| il erin | — eux 
ell 2tix 2714 (a+ B,) | 
pee 1—e otPs 
| il eM 5 EDS h, ral 


The matrix solutions H(x) and G(x) of eq. (108) are con- 
nected by the relation H (7) = G(x) P(x), which is equivalent 


8 
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to eqs. (162), as we see by expanding the matrices. If we 
multiply this on the right by. P“(~), we have G(x) = H(7) P7(~), 
so the matrix of. periodic functions by means of which G(x) 
is expressed in terms of H(x) is the inverse of P(r); its 
elements are 


977 (7L_A . ) ; 
. ee pede Py) ‘s 6; ez) A 2) 
Pu (x) = oS ae) » Dis) hoe Pas (LTP, + Po) 
ars Tt (a+ B.) 
. iG ee ae Rater —— e 
pal2) = oe Rica er 3 Pratt) — 1 — CTP Be) 
Hence 
1 as ti (2p) (oP yh [phe , . 
GNSS : = 2 : == to (7), 
ae it 2 e+ Br Pa) fake SS PAVE BP e) z 
(165) ) ( 270, 1) 20—A) mir 1 pret By) 
; e er he == 
4 5 = = T a ar lolx). 
faa a aes t Py) y\ ya 1 el x TP TPs) : 


These equations can also be obtained by solving eqs. (162) 
for g(x) and go (x). 

Kq. (153) expresses 7(a) in terms of h,(x) and hs(x) for 
both 2 = 1 anda = 0. Eqs. (154) and (155) can be combined 
into the equation 
(166) L(x) = EA: g, (x) 


2A) zis, 
e Pash (SG) 


which holds for both values of 2.* We observe that the 
periodic functions by which /(x) is expressed in terms of the 
principal solutions are merely constants. 

If in eq. (156) we replace f(x) by its value from (160), 
and in eq. (158) replace /,(a) by its value from (161), we 
obtain in both cases the equation 


Co 


(167) mix) == - —— gy (a) + i = a (x). 
Cc 3 


i =3 eee. enix D 


. a ‘ 
“It does not, however, hold for general values of 4, unlike eqs.{162) 
and (165); we have in fact defined the solution 7 (x) only for, A == 1-or 0. 
Similar remarks apply to eq. (168). oy. : 
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Similarly, eliminating g,(~) and gs(x) from (156) and (158) 
with the aid of (165), we obtain two equations which can 
be combined in the form 


217% B, 20—A) nip, 
Cr € z Cs @ 


pment) 9); 


which holds for both values of 4. 

The formulas of this section enable us to express /(a) and 
m(r) in terms of convergent series when e@, and og: have 
values such that the series in (148) and (149) all diverge. 
We have already observed that /(”) is an entire function; 
this is also evident from eq. (153), since hy(7) and hs (x) 
have the same poles with the same residues. We see from 
eqs. (156)-(159) that m(x) has two sets of poles, one ex- 
tending to the left and one to the right, namely «=O, 
Se ee PON 0 oe Oy eae ee 

We will now obtain analytic expressions for the intermediate 
solutions, whose existence and asymptotic properties were 
proved in $5. As we saw there, we can take yijo(7) = h(x), 
yoo (2) = hoo (x), i. e., yio(e) = ho(x), yoo (x) = ofa +1). In 
ease |o,| = |e2|, we can also take yi) = M(x), yn(a) 
= h,(x-+1), so we need to consider here’ only the case 
Sn Ga]: 

Let us write 


yi (x2) = pla) iy (ae) + a(x) he (a), 
where p(~) and q(x) are periodic functions to be determined, or 


(x) 


r) L 
(x) ° 


__ : h, (: | ‘ ly 
serosal) (x) yi (x) rg (x7) Ya 


Let «>a along a ray in the first quadrant parallel to the 
axis of reals and sufficiently far above it to avoid the sin- 
eularities of yii(7). Along this ray yi1(~) ~ S; (x), by § 5, so 


DOSNT prea nw ESS 
1 ple). q(x) (°:] api Ps fe ae | 


0; 
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but the factor (0:/0,)” approaches zero exponentially along 
this‘ ray; hence p(x) ~ 1,‘i.e., p(~) = 1, so 


(169) yas (@) = hy (x) + G(x) he (x). 


Now express /i,(~) and hs(a) in terms of g(x) and ga(x) 
by (162): 
yi (2) = [pu (&) + a) pie ()] M1 (@) 


170 
ae + [pas (2) + g(Z) pos (x)] ge (x). 


Let x along a ray in the second quadrant nearly parallel 
to the negative axis of reals; yi1(7)~S, (x), so dividing by 
yiil(x) we have 


1~ [pu @) +¢(@) pre (@)] nie | 
+ [pn @) +4) pO (2) a (% + ..). 


> 
Si 51 ! 


But (@./0,)” becomes infinite exponentially if the angle which 
the ray makes with the axis of reals is small enough; hence 
we must have 

pai (@) + q(2) pos (a) = 0, 
or, by (164), 


aa P21 (x) 2 €& 
VQ) SS Di (es,) * 
vi ( ) Pos (x) 1 aS eee 
Using this in (169) and (170), we have 
Ae Co e2hitiv 
Ua) —" iy (a) ~—aaiterpy M2 (*) 
ae 2 
e| (1) = greres ee) 
= ——__ arp ot 


1 —e€ 


These equalities hold sufficiently far above (or below) the 
axis of reals; but since the second and third members . are 


analytic near the axis of reals, they may be regatded as ~ 


defining yii(7) there. In the same way we find for the other 
par of intermediate solutions that yi. (a@) = gh (x) sand 


x2 
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9(1—))\ 777 Japp 
Cy era A)itix it eritia 


__ miata # (2%) = eB ha(a). 


iol) = gal) + — 


These formulas enable us to study the properties of the 
intermediate solutions near the axis of reals. We see that 
yn(v) and yie(~) are both analytie except for simple poles 


at all points congruent to 7 = — 83; yii(z) has zeros at 
points congruent to 7 —= —,—: on the left, and yy(7) 
RAST serus aU wel 2, OS; 


We can express #1 (z) in terms of a hypergeometric series 
by using its second form in (171). By eq. (59), 


FURY ge: 4c Bs) 1 _ PM @TB,+ Bs) lies 85) . 


F@tateth = 1—eMerR Ii Tare Bs) 
hence, by (146a), 
ys @) = (—e)*(C:— eo) or Ble +, Bi +1) 

~ F(a, ey: eae ee ae \. 


zx—1 


The other three forms of g,(~) in (146) may also be used. 
Similarly, 
Yi2(2) = —(e2—o1)1e7 7? B(—x— Bs, B+ 1) 

<F (Be +1,— A, 0+ As +145 


x 
x—1]}° 


§ 9. Asymptotic forms. 


With the aid of the fundamental periodic functions, we 
are now in a position to study the asymptotic forms of the 
principal solutions in the entire plane. 

We have seen (§ 4) that ho(x) [= My2(x)] is represented 
asymptotically by S:(~) for large values of « in the sector 
—a<arga<s; let us investigate now how this solution 
behaves as x> along a ray parallel to the negative axis 
of reals. By (162) and (164), 


hoi) = prs (x) g(a) + poe (@) go (2), 
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whence : 

(172) Ra (a) ~~ pry (a) Sy We) + pgs () 82 (@) 

along such a ray. Tt e > es. the second term its the 
dominant one, since (es @,)" IMereases exponentially along the 
ray, so in this case Ase) ~ pes (@) Soe), Suppose first that 
the ray is above the axis of reals, and write & web ae 


(#<0, v0); we see from (164) that poo (e) differs from | 


by a quantity of the order of « “fs hence we ean write 


hy (x) a | l % } al (2)] Sy (x) . 


where sr(v) is a periodic function such that ore) Ne 
for large values of e, Wo being a constant. Since es" 
approaches zero very rapidly as v increases, we have Ase) ~ syle) 
With as close a degree of approximation as we wish by 
taking the ray far enough above the axis of reals, 

If the ray is below the axis of reals, pyy(e) differs from 
ents by a quantity of the order of ¢ *' henee, just as 
above, we have As (ero ertes Sy(e) to an arbitrary degree of 
approximation if we take the ray sutficiently far below the 
axis of reals. Here Sy(v) denotes the determination of the 
series for gg (vr), ive. for the argument of & near ve; if we 


» 


take the argument near — ay, we have hed dsy(e). 
Hence when (@,)>> @g) we may say that AQ) 


along any ray in the whole plane, except one which is near 
the negative axis of reals throughout its length. A similar 
argument shows that g Ge)~S, (a) along any ray except one 
Which is near to the positive axis of reals or to the rew of 
poles at a —B,— Bs, 1— 8, — Bs, +5. 
Ife, ey , the two terms in (172) are of the same 
order of magnitude, and fy) is represented by their sun 
along any ray parallel to the negative axis of reals, Similarly, 
.™ ; 


N@)~prW S@)+ Pa @Ma@w  . ar 


e ~ 
. * 


along rays parallel to the positive axis of reals in thay ease, 


x 
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Consider now the behavior in the left half plane of the 
solution (7), which we know is represented asymptotically 
in the right half plane by S, (7). By (162) and (164), 


hy (x) pile) ni (x) 4 Pai (x) G2 Gaye 
hence along any ray in the second quadrant 
( 173) hi, (2) ~N Sy (7) I (oS) erhntic So (x). 


The dominant term depends on the factors 0”, 4%" 0”, ov, 


Syl 


if we divide by the first one and use only the exponents, on 


a eee 17 ear ACT 
VAM 

Writing u-s-tv (w<0, v>O) and using (132), we see 
that the real part of the second exponent is —bw—27av; 
this is negative if v/| | >> b/27a and positive if v/|«w| <b/27a; 
in the former case the first term dominates, in the latter 
case the second. Hence there is a critical ray in the second 
quadrant, making the angle 


h log | 0, |—log | os 
(174) y tan ni lal 
270 a 2A + arg os — are 0, 


with the negative axis of reals, at which the asymptotic 
form changes; we have namely /, (~)~S; (x) if arg x<m—g¢, 
and hy (x7)~e Cc" So (x) if w—gp<argr<m. Along the 
critical vay itself the two terms on the right in (173) are 
of equal order of magnitude, so /,() is represented by 
their sum. 

In the third quadrant, 


ly (r) mers i) (2) —= Ga e2th—Daiv Sy (x) ; 


here S, Gr) and S.(r) denote the determinations of the series 
for ‘which the argument of is between 7 and 37/2; if we 
diminish the argument by 277, we have 


we ee 2718, 90) POOR EY 
lig Be); (2) — C3.¢ Pa otA—Laia So (x) F 
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The dominant term depends on the exponents 


log 2 —log o 
2164 


0, 2ni (A—1- 


the real part of the second is —bu+2a(1—a)v (w<0, v< 0); 
this is negative if v/u >b/2a(1—a), and positive if v/w—< 
b/2a(1—a), so we have another critical ray in the third 
quadrant, making the angle 


b log |g, | — log | @. | 
175) w = tant — — = tan? —— > == 
Os : 27 (1—a) i 2(1—A) m+ arg 0, — arg oO» 


with the negative axis of reals. The first term dominates 
if are 7 1 =}- wand the second ii —7 = .areg = ——7a 5 
Summing up these results, we see that 


—2718, 9/7) age : 

—¢9€ TT 5 e2A—l)mia Ss (x), wae | ae are x a —7+ Us: 

(176) hy (x) ~4 S, @), jo Wx are oe 
63 RE Ss (G2); T— P< aArgx<a Tm. 


Similarly, by expressing gz2(”) in terms of /, (7) and fe (7) 
by (165), we find that 


— (4 e2d—Dnix S (x) ; () ae are < we: 
Ye (x)~ So (x), wW<argr<2a—@; 
| C1 ees oe & (x) . oe gp <arex< Qn, 


Here » and w denote the same angles as above. 

The asymptotic forms of /(~@) and m(x) in the right half 
plane can be obtained from their expressions in terms of 
hy (wr) and hz (w) [eqs. (153), (168)], and in the left half plane 
from their expressions in terms of g, (7) and ge (x) feqs. (154), 
(155), (167)]. We find that when 2 = 1, 


* If argo, = arg g., we have a= 1, so w = a/2 and the Second term 
dominates everywhere in the third quadrant except along rays parallel 
to the negative axis of imaginaries, where the two terms are of equal 
order of magnitude. This agrees with our discussion of this case in § 6. 
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/( {Si (x), —m Wy Carga < yy; 
wy |— S82 (z), Wi<argr< n+ wy; 
Cy ers Si (x) 1 O< arg x < YW ; 
Wil sye o) Se (x), W< are a « ~ 75 
Cy C2” Sy (gr) , we<arge< m+ Wy; 
(1 Mie J (yr), e+ ww, <argx< 20; 


here w, denotes the value of yw [eq. (175)] for 2 = 1. When 
A= 0 


5 


Tee ale SoS MEX <A — Go; 
‘$3 |r 
| - — 5, (x), Se ee OS ee PO 
(oo Si(a), 0 <argx< m— Qp; 
_|6 Ce So (x), = Py =< Area <= 1 
Vii, § és iy -YIig S> (, <— Ar yee or ; 
i TE arg _47t 0 5 
Qi (27+ [3 ' Do j ey 
(y € Pe ah (x), 27 — Py Largan < 20; 


yy denotes the value of g [eq. (174)] for 40. These 
solutions have eritical rays in the first and third quadrants 
if 4 1, and in the second and fourth if 40. We note 
that the results above give the asymptotic form of 7(~) in 
the complete neighborhood of 1 — co; in the case of m(x) 
none of the forms hold near the positive or negative axis 
of reals. 
§ 10. Reducible equations. 


A linear homogeneous difference equation with rational 
coefficients is said to be reducible if it has a solution in 
common with an equation of the same type of lower order.* 
In accordance with this definition, a hypergeometric difference 
equation is reducible if it has a solution y(~) which satisties 
the first order equation 


(38) y(a+1)—r (x) y (a) O [r(a) rational], 


which we studied in Chap. IT. 


* Wallenberg und:Guldberg: Theorie der linearen Differenzengleichungen, 
p. 114, 
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“24 


Tf eq. (103) has a solution in common with this, it is 
satisfied by both the expressions (74), since any solution of 
eq. (38) differs from each of these only by a periodic factor. 
These two solutions are represented asymptotically by the 
series (44) in the sectors —aw < argx<m and O<.argr<27 
respectively. But this series must be either S,(~) or S3(~) 
(apart from a constant factor), on account of the uniqueness 
of the latter, and hence the solutions (74) are proportional 
either to hy (7) and g, (7) or to he(~) and gz(7). Since the 
solutions (74) differ from each other only by a_ periodic 
factor, it follows from (162) that either ¢, or cs is zero. 

This necessary condition is also sufficient. For let « = 0; 
then by (162) hs (x) = pos (x) go (x). Consider the ratio 


h(@+1) _ go(w@+1) 
po a es 
ly (xr) UP (x) 


from the asymptotic forms of /s(~) and gs(a7) we see that 


A Ss (x — 1) = Bo 1 
Oe ee ee 
in the complete neighborhood of # = cx. It follows, as we 


saw in § 6, Chap. I, that this series is convergent for large 
values of 2 The function g(~) is therefore analytic out- 
side of a certain circle: inside this circle it has no singu- 
larities except a finite number of poles: it must therefore be 
a rational function r(r). This shows that /2(r) and gs (x) 
satisfy an equation of the form (38). In the same way we 
see that if c. = 0, Wy(x) and gi (x7) satisfy an equation of 
this form. 

THEOREM. A necessary and sufficient condition that eq, (103) 
be reducible is that either ¢, or ¢s be zero. 

We see from (163) that ¢ or cg is zero when and only: 
When 4; or 8 is an integer. In $7, however, we oxeluded 
negative integral values of 8; and 63, so we need fo-in- 
vestigate these values. = 
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If we regard 7, (7) and gy; (w) as functions of 8,, they are 
analytic in general, but have simple poles at 6, = —1, 
—2, —3,.--. If we multiply them by 1—¢””": we get. the 
solutions / (wv) and gi Gv) [eq. 142)], which are analytic for 
these values of 6,: these solutions are represented asymp- 
totically by S,(~) if we multiply s, [eq. (152)] by the same 
factor. This multiplication by 1—¢e™": is equivalent to 
replacing 7'(8,+1) by (8,+1), as we see from eq. (57). 
We will define /1 (7) and g(x) as the principal solutions in 
place of 2, (~) and g,(~) when #, is a negative integer, and 
similarly define 


ees) hs (x), gh (a Dy == Pie ES: *) da (a ‘) 


as the principal solutions in place of /s(a) and g. (7) when 
2, iS a negative integer. 
If we multiply the first equation in (162) by je 
(= c,), we get the identity 
eos 270i (ar -B,) 2Amin 


sis 


( 
1 — 2x gi (a r) omin gn (2 xe); 


hs (x) 


hy (ee 


if now we let 6, approach any negative integer, c,>0O and 
the equation becomes / (7) = gi(v). From this equality we 
infer as above that the ratio Wi(w+1)/hi(~) = g(a + 1)/gi) 
is a rational function, so eq. (103) is reducible. A similar 
argument shows that if 4, is a negative integer, then c, == 0 
and hs (a) = gs(x), so again eq. (103) is reducible. This 
completes the proof of the theorem above, and also of the 
following one. 

THEOREM. A necessary and sufficient condition that eq. (103) 
he reducible is that either By, or Bs be an imteger. 

The forms of the principal solutions of a reducible equation 
are readily obtained from eqs. (144)-(147). Thus if 4, 
zero or a positive integer, all of the terms of the hyper- 
geometric series in (145a) and (147a) are zero except the 
first 8; +1, so hz(~) and g2(x) have the aon forms 

1G) L (== By 8s) 


rg) Fic 8) ape 
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where (x) and R’(x) are rational functions. The denomi- 
nators of R(x) and #’(~) may be combined with the gamma 
functions in the denominators, giving us 


x l(a) iene T(—2—B, —22) 


S92 r(i—z) : Pay. 


0 


“2 T (e+ 8+ he+1) 


where P(x) and P’(x) are polynomials of degree 6;. These 
polynomials can differ from each other only by a constant 
factor (namely HST EI since the ratio of gs(a) to he (a) 
is a periodic function; the form of the periodic function, 
obtained from (59), is (1—¢'””)/(A—e'""*" ), which agrees 
with (165) for #, an integer. ; 

If 8; is a negative integer, we see from (144a) that 


h(x) = & eu) 


Cara eeaey Ree 


where R(x) is a rational function, and if the denominator 
of R(x) is combined with (a+ 8,+1) we get P(x), which 
cancels out; hi (x) is therefore equal to e7 P(x), where P(x) 
is a polynomial of degree —@,—1. As we saw above, 
gi(x) = Wi(v) in this case. Similar results are obtained 
when #, is an integer. 

The discussion above shows that if 8; is a positive integer 
(including zero) or #, a negative integer. the solutions /.(x) 
and ga(x7) satisfy an equation of the form (38), and that if 
4, iS a negative integer or 85 a positive integer the solutions 
h(x) and g(x) satisfy such an equation. The other pair of 
principal solutions in each case do not in general satisfy 
any first order equation of this type; this is true even if -, 
is a positive integer and 8 a negative integer or vice versa. 
If, however, £8; and are both positive integers or both 
negative integers, all the principal solutions satisfy equations 
of the form (38); in this case the equation is called completely: 
yeducible. The gamma functions cancel out, and each solution 
is equal to ef multiplied by a rational function. This for 
the equation ee) 


Se 
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(w+ 3) yw + 2)—(7 +3) ye +1)— 2ay(x) = 0, 


in which @, = 2, 0, = —1, 4, =0, £—1, the principal 
solutions are 

27(347+1) (sabe 
/ Oe —— ) ww SS Seas == NA DS 
2, (x) G(x) eeu iE hg (xr) Go (x) ey 


§ 11. The Riemann problem. 


In the theory of linear differential equations Riemann pro- 
posed the problem of determining a differential equation of 
given type which should have prescribed monodromic group 
constants. An analogous problem for systems of linear differ- 
ence equations of the first order with polynomial coefficients 
Was proposed by Birkhoff* and later solved by him.+ 

Following Birkhoff, we will give the name characteristic 
constants to the roots 0, @: of the characteristic equation 
(101), the exponential constants 6,, 6, in the formal series 
(106), and the constants c,, ~ of the fundamental periodic 
functions (164). The question may now be asked whether 
it is possible to find a hypergeometric difference equation of 
the form (99) which has prescribed values for these «six 
constants. That this is not in general the case is evident 
trom the fact that eq. (99) contains only five independent 
constants, namely the ratios of the six numbers ds, Ds, a1, 01, do, 005 
these ratios will in general be determined if five conditions 
are imposed. Let us ask therefore whether any five of the 
characteristic constants can be prescribed ambitrarily. 

Consider the normal form (103); this involves only four 
constants: 0;, @2, 8, 82. It is obvious, then, that a hyper- 
geometric difference equation can be found with arbitrary 
values for the first four characteristic constants,i namely 
eq. (103) itself; the two remaining constants c, and cz are 
expressible in terms of these four, as we see from (163). 


* Trans. Amer. Math. Soc., 12 (1911), p. 284. 

+ Proc. Amer. Academy of Arts and Sciences, 49 (1913), pp. 553-559. 
Cf. also Norlund: Comptes Rendus, 156 (1913), pp. 200-203. 

<The choice of 9; and g2 must of course be limited to finite values 
different from each other and from zero. 
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This is not the most general situation, however. In 
deriving eq. (103) from eq. (102) we eliminated the constant 
B,, and a reference to the transformation by which this was 
done shows that if we replace « by 7+ 4; in any solution 
of (103), the resulting function is a solution of (102). The 
fundamental periodic functions for (102) are likewise obtained 
from (164) by replacing. x by #-+ 83; the numerator of 
wis (a+ Bs) is G & ee “+P. which may be written ci Pp 
where ( = ae" ?"s: this is the constant for eq. (102) 
corresponding to ¢, for eq. (103). Similarly the other constant 


for eq. (102) is  — me's, By giving the proper value 
to £3, c; can be made to take on any prescribed value if 
4 = 0, and cs any prescribed value if 4— 1. If we remove 


the restrictions (131) made in $6 on the arguments of 0, 
and 0,, so that 4 may have any integral value, we see 
that either ci or cg may be given a prescribed value; the 
other one will then be uniquely determined. The first four 
characteristic constants are the same for eq. (102) as for 
eq. (103), since the characteristic equation is the same for 


2 


both, and since the exponential factors gy Pi and 2 2+ in 
the series (106) are not changed when » is replaced by 
x+8;. We conclude, then, that of the six characteristic 
constants 01, 02, Bi, Bs, 1. x, the first four and either one 
of the last two may be assigned arbitrary values; the remaining 
one will then be uniquely determined. The hypergeometric 
equation which possesses these characteristic constants has the 
form (102), where 

log ¢, —log (1 — 6") 


3. —= = OF: 
i are ey 


2778 
log cz —logd —e™ *2) 


27% 
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CHAPTER IV. 
The hypergeometric equation: irregular cases. 


\ tee Phe ‘case o;'°== "0! 


Qo 

In Chap. HI we studied the solutions of the hypergeometric 
difference equation (99) under the hypothesis that the roots 
¢, and o, of the characteristic equation 
(101) aoe+taotia = 0 
are finite, distinct from each other, and different from zero. 
In Chap. IV we will investigate how the theory must be 
modified when these conditions are not satisfied. In the 
present section we will study the case where one root is 
equal to zero, while the other is finite and different from 
zero; this means a = 0, a + 0, a2 + 0.* We will denote 
by e@ (vithout subscript) the non-zero root, 1. e., 9 = —a/ds. 
We may assume that b) + 0, since otherwise eq. (99) is 
equivalent to one of the first order. 

To reduce eq. (99) to a normal form suitable for the present 
case, write 

be 


these equations determine the constants @, 7, and o uniquely. 
iq. (99) becomes 


(at p+y+2)y@+2)—[o@+ty+1)+ 6] y(~+1) + ecy(x) = 0; 


*The case wlfere one root is zero and one infinite is considered in § 2. 
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if we setxty = x and y(a’—y) = f(x), then f(z) satis- 
fies the equation 


10) (w@+8-2) y@+-2)—[o@+ 1) +4] y@-+1)+- ecy(a) — 0, 
which we will take as our normal form. 


This equation is satisfied formally by two power series in 
1/x, which may be obtained by setting 


y (x) = G22 HO xt (s+< 4+" = - iy ) 


and determining the constants a, b, d, s’/s, s”/s,--+ as in § 2, 
Chap. II] (cf. also § 1, Chap. II), namely 


/ vr \ 

Hag psf S1 S] 
Sy (@) = ox p41 (s > 2 Pad . 
(178) : 


1 / / yr 5 
| s (x) —— me One * (ss 2 82 Sak 
\ XL we) 
where 
Si Se 
"= (@+1(2—4) 
Sy} ¢ 
sip 9 i 
see 2) At Ge Au, Sen 
2H QO Q 1 ) 
oes hee 
ooo 0 12 
si! SA yo eee eee 
= TaD =r ia Sy meuCns 
52 20 120 28s 


s, and sy are of course arbitrary. 
To obtain a system of two equations of the first order 


equivalent to the single equation (177), set y(~) = y (2), 
y(x-+1) = ye(x); then y% (x) and ye (x) satisfy the system 
[v (x+1) = yo (x), ls 

UG. 00 o(a+1)+q 
Ufa (xe b) ) = a a A a = ) 
| ye (e+ peas | ot @+3 a] (x) 
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which may be written as a matrix equation 


(180) Ye+1) = R(x) Yio), 
where 
0 | 
id Cae oe eae lI. 
| @re+2 ~a4+e+2 | 


This matrix equation is satisfied formally by the matrix 
of series 


esis ve 
! \ 1 
GG a 


| / 
Wy Rea NE Si Ae Shes. S12 

ota 81 [si Pea ..| p-& G& ot x *[s CUS aie | | 

| 8 ie 

n 2 I S821 7 

a eae cae (S21 = ae | BO OEE Te “(0 ca = + .. | | 

/ / 
WHEFC Si. == S),) 6) = Silp Aik) == Big Sa 83, Sit = OSits 


Sy = 0 (si —Bsi—s1), 899 == O82, 54 = 055, etc. The deter- 
minant of S(a) has the form 


3 j 
\S(z)| = a (ec0e)*x" ? (a+ saan es | , 
where d = — 058, s, etc. The inverse of S(x) is 
Sant 
“ays \ 645 
o 1 yp 1 [0 ele ait | Ome ras [rs + — | ! 
is | 
1 I 
: O21 Bae: 0 
at Cg OOM Oy) = ODO 0 “ee x7 {Goo + | 
Ae | 
where oj; = — 0/08, 0,5 = 1/08, 02, = 1/s2, 622 = —1/@ 8», etc. 


Hq. (180) has precisely the same form as (108), and is 
satisfied formally by the two infinite products (113). If we 
let T(x) denote the matrix obtained from S() by using only 
the first & terms of each series and form the products Hn (x) 
and G(x) as in (114), we can apply the argument of § 4 
Chap. III to prove the following existence theorem. 

9 
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THEOREM. Both elements of the second column of Hn(a) 
converge uniformly as nx to limit functions hy: (x), he» (x) 
which are analytic in the entire finite part of the plane, and 
form a solution of the system (179). The determinant of 
H,,(x) also converges to a limit function D(x) analytic im the 
finite part of the plane. For large values of x these limit 
functions are represented asymptotically by s12(x), s22(%), and 
| S(~)| respectively in the sector —a <argr<m. 

Similarly, both elements of the first column of Gn (a) converge 
uniformly to limit functions (11 (a), gor (x) which are analytic 
except for poles and form a second solution of (179). The 
determinant of Gn (x) also converges to a limit function D(x) 
analytic except for poles. For large values of x these limit 
functions are represented asymptotically by s(x), so (x), and 
| S(x)| respectively in the sector 0<argx<27a. 

The details of the proof are practically identical with those 
of the general case, except that 0, and a, in the formulas 
are replaced by @ and eo/x, and 8, — 8. by 8—3. In connection 
with (117), the fact that o, is a function of xe+7, x+s, 
etc. causes io difficulty, since we may write 


A: \ ott \ 
agit = (EV (Nig 24), 


55) 4b 


and combine the last two factors with the corresponding ¢. 
The limits /y2(%), heo(z), and D(x) are entire functions, 
while gi: (7), gor (~), and D(x) in general have poles at the 
points 1— 8, —8,1—8,---;* D(x) and D(x) have the 
respective forms 


-— Om —— oOo” o% 


So Bit! = > > + SS 3 | D4 3 SS 
Peppa!) ea r(e+s+2) 


The gap caused by the divergence of one column of HA, (x) 
and G;,(~) can be filled exactly as in the general cage, and 
by evaluating the sum as an infinite series we obtain -two 

ao ee 


“gi(v) does not have a pole at —1—~ ; ef. footnote, p. 80: 


| 
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pairs of intermediate solutions with the same properties as 
before. The details of the proof in $5, Chap. III require 
only slight modification apart from the replacement of @,, 02. 
and 8, by e, eo/x, and 8—4 in the formulas. 
Solutions corresponding to the principal solutions of the 
general case are obtained as in § 6, Chap. III. We take 
for two of them the solutions hy» (x), hos (x) and 911 (x), Jax (x) 
obtained above, and define two other solutions /,; (7), /2, (~) 
and g2(x), Joo(~) by eqs. (128) and (136), where 2 and 2’ 
are integers; the angle « which the lines 4% and Boo of 
the contour 1 make with the axis of reals may have any 
value <7/2 in this case. The function /,,(7) is analytic 
in the entire finite part of the plane. Its asymptotic form 
in the first and fourth quadrants is given by (129) and (134), 
and in both the second term is the dominant one, on account 
of the factor 2~” contained in the first term, except perhaps 
along a ray parallel to the axis of imaginaries. Hence 
Nyy (x) ~ 54, (x) and also hy; (x%)~52, (x) in the sector —7/2 
<arex< 7/2; this is true regardless of the value of the 
integer 4, so there are an infinite number of solutions 
with this property. Any one of them can be combined with 
the solution /y2(x), ho.(~) to form a matrix solution H (a) 
of eq. (180); the determinant of this matrix is equal to D(a). 
Similarly, gy2(~) and go2(~) are analytic except for poles at 
1— 8, —8, 1—B, ---, and gio (x) ~ S49 (x), Goo (x) ~ Se2 (x) in 
the sector 7/2 < arg x<.37/2, regardless of the value of 
i’, This solution may be combined with g:(~), go: (a) to 
form a matrix solution G(x), whose determinant is D(z). 
We can prove by the same argument as in the general 
case that the solutions /y42(~), hos(~) and 1 (x), gai (x) are 
unique. “The other two solutions, however, are clearly not 
unique, since the integers 2 and 4’ are entirely arbitrary; 
the difficulty is similar to that which we met with in the 
general case when the arguments of @, and @ are equal. 
Let us examine the asymptotic form of these solutions in the 
direction of the axis of imaginaries, with a view to finding 
the values 6f 2 and 2’ which give us solutions whose 


g* 
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properties correspond as closely as possible to those of the 
principal solutions in the general case. 

As we see from (129), the asymptotic form of /4,(7) in 
the upper half plane is determined by the factors 


gk gh e& BN. 0%, 


or, if we divide by the second one and use only the ex- 


ponents, by 
(—logx+logo+1+2Ami—logeo)xz, 0. 


The real part of the first exponent is 


(—log |a|+ log |o| + 1—log|e|) x 
Sa 2 — arg o-_ arg 0 — arg x 
206 


Keep « fixed, and let v>-+ «©; since v increases more rapidly 
than log/a|, this ultimately becomes negative if 


_ arg o—arg o-+ arg ax 
Qn 


he 
— 


even if uw is negative, or, since argxz—>a/2 as ve+o, if 


j=, eS org 
27 4 
If 2 is less than this value the real part of the first exponent 
ultimately becomes positive. 
In the lower half plane, as we see from (134), 2 is replaced 
by 4—1, so the real part of the first exponent is 


(—log || + log | o| + 1—log |g) 
ne 2) 1 [2 1 ate arg oO ee i == arg ai H 


— 


Keep w fixed, and let v>—; this ultimately, becomes 
negative if ~ 
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arg @— arg o-+ arg x 


te aS 
for 2.7 


| 9 


even if w is negative, or, since arg v>—7/2 as ve— ~, if 


arg 9 — are o 3 
ess bee Sete 


Dine Ar 
If 4 is greater than this value, the real part of the first 
exponent ultimately becomes positive. 
Let us take for 2 the smallest integer which exceeds 
(arg o—argo)/2a7+4, and write 


(181) ie | eas ae i = th; 

then O<ia <1. With this value of 2, hy (7) ~s11(~) along 
every ray parallel to the positive axis of imaginaries, and 
in case a< 4 also along every ray parallel to the negative 
axis of imaginaries. (If a= 4, hy,(7)~5,(@) along rays 
parallel to the negative axis of imaginaries and to the right 
of it.) 

A similar discussion of g::(~) shows that it is represented 
asymptotically by s,2.(~) along rays parallel to the positive 
axis of imaginaries if 

pr BE O— are 


eS 


Be 
and along rays parallel to the negative axis of imaginaries if 


1 


a) arg o—arg @ 


| 


<a 


: ho ae 


a 


Let us: define 2’ as the largest integer which is less than 
(argo—argo)/27~7-+4, and write 
are o— argo I 


Va == 1 


270 


(Oa <1). 


Then G12 (7) ~S,2(%) along every ray parallel to the negative 
axis of imaginaries, and in case a’ <4 also along every ray 
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parallel to the positive axis of imaginaries. (If a’ = 4, 
Gio (7)~8,2(x) along rays parallel to the positive axis of 
imaginaries and to the left of it.) The solutions (128) and 
(136) in which these values of 2 and 2’ are used we will 
define as the principal solutions of (179). 

By choosing suitable determinations of arge and argo we 
may always have 


TC s 
ary 0-218 <S are 0 — o = 480 “Ee 
then 
| a 
are 0 — larg o— —— 
ee : 2 | tei 
2 = 2 7 a 22 
and 
O< argo—arge , 1 re 
27 a 


so 4—1 if arge > argo—n/2 and 4 = 0 if argo<argo—7/2, 
while 2’ = 0 in both cases. We will limit ourselves to this 
choice. 

We will now prove that if a<4, the solution h,, (a), 
/ix:(v) in which the above value of 2 is used is the only 
solution which is represented asymptotically by s;; (x), so; (a) 
in the closed sector —a/2 < arg(a—a) < a/2, where « is 
any constant. 

Assume that a different solution Jy (7), hd: (xv) has this 
property. We can write 


Bi) pr (a) Iya (2) + po (x) hye (x); 


dividing by /i1(~), and letting aoc along any line parallel 
to the positive axis of reals, we see that 


L~p; (%) + pox) x” oF e* o-* 2 (= +.. “ : 


This shows that p,(@)~1, i.e. py. (v7) = 1, since a=” approa- 
ches zero so rapidly. Henee 7 
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ye (ay ee SUMS Bh 
: hy (x) 
ps(v) is single-valued and analytic in a period strip suf- 
ficiently far to the right, except possibly at the ends of the 
strip, where we see from the asymptotic forms that 
1 
: PRN Saar 5 
In is (7) 3 So” 6% o- re? =0. 


Hf beh.) 


ae we SAME as 
Wire. == 5 | e * ; the modulus of , s 4 


: 7 
—ulog a|—-v (arg a— = 


‘; the second term in the exponent 
approaches the value —w at the upper end of the strip, since 


is e@ 


. 70 | : TC 
hmv jarga— >] == limpretan ¢. Noel 
are 2—> - z o> ah 

0 7C 

— 

== lim « — == U. 
6 70 cot @ 
ee 


Hence at the upper end of the strip the modulus of 


ee Dehayesslike eae) ea andy 1s 
approximately constant, since we are dealing with a strip of 
unit width. Accordingly 


Mie 1 


lim po (x) e 2 ot C= pe 2 Wag ee () 

Lae 
at the upper end of the strip. Set p.(~) = q(z), where 
oe then 


d 


1, 1+logo—loge 


sos {DD Z 
lim g(z)z * 271 AU AY eae 
Z—> 0) 
or 
__1 | argo—argo B 
lim g(z)z +4 n -2°™ ep (logz) = 0, 
eal) 
where 
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and y(logz) denotes a function which behaves like a power, 


or logz:> “By (ist), 
b 


lim g(2)2-/+4 2” @ (logz) = 0. 


z—>0 


Since O< a < 4, we see that qg(z)z“* cannot have a pole 
of as high as the first order at z = 0. 


At the lower end of the strip, write 2” = . a 
the modulus of the first factor behaves like ¢“ 2 —”, so 


ie gard 
lim: (ze % 0% eo a  *\7\-2 = 0, 
or, in terms of 2, 
de argo—argQ b : 
lim g(z)z*_ 21 ye Oa) 
200 
: Stats me ‘ 
lim q(z)z 2277 (1082). == Ue 
22> © 
This shows that qg(z)z~‘ vanishes at z= 0%. Hence q(z)z~ 
is a constant, namely 0. It follows that ps(7~) = 0 and 
his (7) = hu (x), so the solution Ii (7). ho (x) is unique. 


The argument just made shows that if there exists any 
solution which is asymptotic to s,;(~), ss;(a”) in the sector 
—n/2 < arg(a@—ea) < a/2, this solution is identical with 
his ();-Fei @), even HE a} Gt a@ = 1) eee as tbe 
replaced by q(z)z'“); hence in general no such solution 
exists if a> 4. The only exception is when q’(~) in (134) 
is identically zero, in which case /,, (v7) ~ 5; (~) in the sector 
— Ww <argx <7; this occurs in certain reducible equations 
(see the end of this section). 

A similar argument shows that if a’ < 3} the solution 
Ji2(@), ge2 (2) in which the value of 4’ defined above is used 
is the only solution which is represented asymptotically by 


Si2(@), Soo (~) in the sector a/2 < arg(@ — a) < 3a/2. Since 
i 


aS 4% when —7 < arge— (argo—a/2)<0 and a £3 when ° 


“We shall continue to use y (ogz) in this sense, without implying 
that the function is the same in each case. 


¢ 


5? 


- 
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O < argo — (argo — w/2) <a, it follows that either h,, (x), 
lin, (x) OY gie(x), goo() is unique in every case. (As noted 
above, when a = 4 or a’ —4 we must take @ in the right 
or left half plane respectively.) 

To obtaim integral and series solutions of eq. (177), we 
make the Laplace transformation (138). and find that it is 
satisfied by the integral 


°b po 
| = (¢ — oP et at, 
oe) Ul , 


‘provided @ and b are so chosen that 


r 050 


Lett (¢ — g)Pr1 Ale = 0. 


This expression vanishes at ¢=— 0, provided +0 in. such 
a way that R(o/t)>—m>;1i1.¢., if a line is drawn through 
¢ — 0 perpendicular to the line joming ¢ = 0 to = o, ¢ must 
approach O on the side of this line opposite to «.* The half 
plane bounded by this line within which ¢ must remain as 
it approaches QO we will call for brevity “the half plane 
opposite o”’. The expression vanishes at ¢ = 0 if R(8+1)>0, 
and at {= o if A(w#+ A+ 2)<0. 
Taking the limits 0, e, we obtain the solution 


oO 


hae, ae 
(182) li, (x) = i eo (f= o)P Comat 


where the path of integration starts from ¢— 0 in the half 
plane opposite o; if @ lies in this half plane. the path may 
be taken as a straight line; otherwise we will let it make 
a partial negative circuit about ¢ = 0 to the straight line 
joining 0 and oe, and then follow this line to Along 
the straight line let arg ¢ — arg e@ and arg (te 
Whermierral is valid if Ai p—-1) 0; teks 1) 0, we 
may use a loop which starts and ends at f= 0 in the halt 
plane opposite « and passes around ¢ — @ in the positive 
direction; this gives a solution © 


=  O 


i, == oO: 
i 


are o +7. 


* Also the path of approach must not be tangent to the bounding line. 
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(183) hi (a) = 1— 7?) hy (a), 


which we will take as defining /, (z) in this case. (We exclude 
temporarily the case where @ is a negative integer.) The 
solution h,(x) is analytic for all finite values of «. 

Taking the limits ©, e, we obtain the solution 


Oo 


(184) Ge) — ile f-3(¢— eet dt, 


where the path of integration may be taken as the pro- 
longation of the straight line joining 0 to e. We will take 
are ¢ == arg (¢— 0) = argo. The integral is yalid if 
R(é+1) > 0, R(a+8)< 0 (cf. footnote, p. 96); if R(6é+1) <0, 
we may use a loop from «© which passes around ¢ — @ in 
the positive direction; this gives a solution 


(185) 2)— 


Eup) th (x7) : 


which we will take as defining g, (x) in this case (again we 
exclude negative integral values of 8). 
Setting ¢ = o/t in (184), we have 
oO 


1 
(186) oy (a) =.— oF 8 i r—-=-B-1(1 — 7h e@ dr, 


Oo 


or, if we introduce the factor e ¢ into the integrand and 
write o/o = x, 


ib 
, ; eh eB \A 4 oe 
N (x7) — e% o" +0 ae pas (4 c \P e —%(1—T) d c. 


Expanding the factor e-**-* and integrating term by term, 
we have 


; } : ee ONY, i! ' 
r—=0 x oJ ( 
Mt (ey : 
i Bie 8 ee) 
| — @ ott? B(—a—f, A+1) Ae 
(187) +.1)x GB ated" a ae 
L-(a—1) 1-2(¢—1) (w— 2) 
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The series in brackets may be regarded as a degenerate 
hypergeometric series, with one argument lacking; it may be 
written lim F(a, 8,1—x2,—zx/a). It converges for all 


&— > 69 

Valdes” 0l O79. 0.and o except @ =—“1, 2, 8, -+-s at these 
points the solution is analytic, however, as we see from the 
preceding beta function series. Accordingly eq. (187) serves 
to define g,(~) when R(w+ 8) > 0; it could be used as 
well as (185) to define it when R(6+1) < 0. We see that 
g; (x) is analytic throughout the finite part of the plane except 
for simple poles at 2 = —,, 1— 6, 2—8,---. Another 
form of the series for g,(~) is obtained if we evaluate (186) 


oO 


without introducing the factor e ¢°, namely: 


(a 8) x 
-(c—1) 
pa Bie Bae) 
1-2 (%—1) (@w—2) eames 


Ee a an By 8 nf se 


We can express g; (7) also by means of a series of partial 
fractions. Let ¢ be a point on the line joining e to «, and 
integrate over the contour consisting of the straight line 
from « to c, a loop k about t = o@, traversed in the positive 
direction, and the straight line from ¢ back to «, starting 
with arg ¢ = are ({—o0) = arg e; if R@+f)<.0 we have 


Geel 


p23) an (x) 


emp) i 1 y(t) dt-+ je ST WANC IE 


A) 


== 10) 


whence if # is not an integer 


O 


ie ee 
gs (a) = Ea) = ail f = e Cat, 


where /, (x) is an entire function. Expanding the last two 
factors of the integrand and integrating term by term, we have 
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e) = Hx Hf 1 C= Pe 
n@) = B@+e8|—1 4 e@ + B—1) 
, == 2h Oop 1) ipa r | 
| 2° (x-+ B—2) mc 


This converges uniformly in the neighborhood of every point 
except @ ==\— 6, 1-6, 2-5, 22.) and ahence  represenus 
yi (a) over the whole plane. 

If we take the limits 0, ©, we get the solution 


(188) go (x) =| i= (t— ef et dt.” 


The path of integration we may take as any ray in the 
half plane opposite «. We will choose a ray for which 
arg o--2m <argi<arge, and take arg o < arg (t— 9) 


<argo-+2a. The integral is valid if R(@+ 8)< 0. 


Prise SY 


A fourth solution is obtained if we take for the path of 
integration a curve A which starts at ¢ = O in the half 
plane opposite o, makes a small positive circuit about ¢— 0, 
and returns to 0 in the same half plane (Fig. 13): . ~ 


0 ee 


(189) itn) = [ee 1(¢— o)P e* dt. : 
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We will let arg? increase from near argo—vs to near 
argo+ am. If we set t= —or = cor, 
° 1 
Nis (x) — (— oe)? Pe Git iL peal (1 + xT)P e c ac. 
where A’ is the contour in the r-plane into which Kis 
transformed (Fig. 13; cf. Fig. 4). Let A be small enough so 
that (xr <1 at all points of K’; then by eq. (72) 


lis (xr) — ( o)P gue ot ie pel [: + Bur 
| B (8 1) ema | ee 
— o mole 


4%" G" 
| 2! ed 


= (—o)? ee ge [2 hs (= x) he: Bz eZ poe 1) 


Bigaalye Go to 
eo Ren ate per). 
SS pl een ae ae Lee 
a a eae oft 1-(@+1) 
| Maye | 


"OG G9) 
or, by eq. (60), 


1 Sete et tases | cies 
ee ea a 2 


eB Be ee fs | 
GaGa) 2 


(190) 


This series converges for all values of x, 8, 0, and o except 
g== —1, a 3,---, at which points the solution is, 
however, analytic; hence /.(~) is an entire function. 


To obtain the relations between these four solutions, let 


oO 


us integrate t+ (t— 0)? e! over the contour ABCDEFGHIJA 
of Fig. 14, made up of straight line segments and circular 
ares. The value of the integral is zero, since the contour 
contains no singular points of the integrand. If A(8)>0 
and R(«#+8)<0, we can let the radii of the arcs BC 
and GA approach 0, and that of the arc AJJ increase in- 
definitely; we can also let the pomts D and #' move into 
the half plazie opposite o and approach the origin, so that 
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the are DEF becomes equivalent to the contour A of Fig. 13. 
Then we have (omitting the integrands) 


20 2) a 
al 
D i {= ihe JS 


On AB take argt = arg(t—o) = arge; then 


gr (x) — hy (x) + 0? hy (x) + 2 hy (x). — MTP) or (ey) == 0s 


Or 


(1 e2ni(a rP)) I (x) =e e2tix) h, (x) — e2mix hs (x) . 


In Fig. 14 argo >> arg o—m/2, 304 = 1. If arg o< argo—z/2, 
whence 4—0, we have similarly, starting with are /—= are (t—o) 
= argo on AB (hie. 15), 

Si (2—=hj (2) the (ee) ee, (a)— eP) Ni (x) = 
or 

(1— erp) 9, (a) == (1 — ce") h, (2) — hg (a). 


These two results may be combined in the form .~ 


| emi ATUL 


( y\) — ; “7 , 
C191) nh () = 1—e2 ti (r-p) Ny (a) Ss | +B) Nya). 
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Now let argo => argo—a/2 (A = 1) again, and integrate 
over the contour GABCDEFG ot Fig. 16, takting 


arg t = arg o and arg ({—-0) = argo-+mw on AB. If R(f)>0 
and R (a+) <0 we can let the radius of the are BC approach 0 
and that of DEF increase indefinitely; we may also let G 
approach O; then we have 


hy (a) — 9 (x) — " ge (x) = O, 


hy (g): = Nn (x) = e2mix Je ( r). 


or 


lie Fig. 16. 


ea: LINEAR DIFFERENCE EQUATIONS 


If argoe<argo—a/2 (A=0), we have similarly from 
Fig. 17, starting with arg? = argo and arg(t—e) = arge-+7 
on AB, 

bie? 9 (ao) 9s) = 0, 


oY 
hi (a) = e? g, (x) + G2 (x). 


These two results may be combined in the form 


(192) hy(n) = 2CA” 2B gy, (7) + CAM® gy (x). 
D 
/ 
/ ~: 
| 
° hi: 
| G 
| 
: if 
/ 
Fig. 17. 


Since both sides of eqs. (191) and (192) are analytic, apart 
from poles, for all values of « and , they are identities 
and we can drop the restrictions placed on » and @ in 
deriving them. 

By eliminating /,(~) from eqs. (191) and (192), we find 
for both #2 ==1 sand 4 == 0: 


(193) hy (x) = (P88 —1) g, (x) + A — 2) gp (x). 


Similarly, eliminating g, (a) from the same equations, we have 


27 p 
—— e t 
PT NN en ee ee ee 1 \ pal ee ee ‘ 
Ja (x) 1 — ¢27t +p) hy (a ) | = eri \wr- p) hy (x) 
it A= and is 
1 — e2mip emis a 
9 (&) = Famer 1 @) + 7 sae 2 
v - 
s 
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if 4 = 0. These may be combined in the form 
’ ; ib e2mip eed A nig 

Qz .) — = tie as ay od : on 
‘el 04) Ye (x) 1 ce p2mir +p) hy (x) | 1 a, emila+ B) hy (x) 0 


By means of eqs. (191) and (193) we can express h, (x) 
and go (7) in terms of h(a) and g; (v), and thus evaluate them 
in terms of factorial series, 

If in eq. (187) we let «oo in the left half plane (whence 
—+sx—>o in the right half plane), we see that 


lim 9; (x) o—* af t+1 — ee (— oP r(B +1); 

likewise, if in eq. (190) we let «—0o in the right half plane, 
a oe 

lim hs (a) a o—” e-® 2? = V 2ni(—orF. 

wv 0 
These limits show that g,(7)~ S,(~) in the left half plane 
and ho(x)~ S,(x) in the right half plane, at least to the 
first term, if we set 


(195) s) = e& (—eFF(B+1), 8 = V2ni(— ef. 


It follows that g, (~) = gi1(~) and Mis (7) = Iyo(x%), on account 
of the uniqueness of these solutions. 

Since we know the asymptotic forms of gj; (~) and Jy. (x) 
in the sectors 0< arga<(27 and —a<argu<ca respect- 
ively, we can now use eq. (191) to get the asymptotic form 
of hk, (av). We have 


e2tixrt-B) ehnia 


1 
hy (2) = > — ae 1 (2) + 7 ome "es (@), 


whence in the upper half plane 
hy (x) ~ S, (x) 4- eh miv Ss (x) . 


» 


The dominant term depends on the factors 0”, ¢/" 1~” 6” ce”, 
or on the exponents 
0,2(24771 — logx — loge + loge + 1)x; 


10 
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the real part of the second exponent is 


arg a + argo — argo 
27 : 


(196) u(— log |x| +b) — 27 (2 
This is negative in the sector 0<argx<a/2, on account 
of the term —ulog|z|, so the first term dominates and 
h, (x) ~ S, (7) there. . 

In the lower half plane 


hy (x) w enip Si (x) wand e241 Mix: S, (x), 


or, if we use the determination of S,(~) for — «<arga< 0. 


hy (2) ~ 84 (a) — EES (Zz). 
Here the exponents are 


0, [2A4—1)nxi— logx — loge + loge + 1]z, 


and the real part of the second one is 


w\ +0) —2rv[d—1 


arg x + arge — argo | 
27 Pie 


(197) w(— log 


This isnegative in the sector —7/2<argx <0, so hy (x)~S,(z). 

Hence h,(x)~S;(x) in the right half plane, except possibly 
along rays near the positive axis of reals, where the asymptotic 
form of gi(x) does not hold. To prove that h; (7)~S, (x) 
also along these rays, set ¢ = et in (182): 


oO 1—tT 


*1 Ateetnes 
hy (x) = (—1)8 e8 or +8 ii oe-1({— 78 me Tae 


o - fat 


0 


JV 


21 eee F 
ft | ce—1 (1 — rr)? le 1 lar 
| (—1)? e’ prta| BG; 8+1) 


1 A 


| + Ua hero orl ake]. 


(198) 
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If we let ~~ along a ray parallel to the positive axis of 
reals, the integral from 0 to $ approaches 0 exponentially, 
on account of the factor 7”~1. For the other integral we have 


*1 ; x 
I, ee -1(1—+)P le 


2 


1 


ae 


oy] 
— ce—2(1— 1) tJ 
ee 3 


: et |e 
eg. al A }4 fae 


the series converges uniformly on the path of integration; 
let its maximum absolute value on this path be W; then 


"1 paisa | 
| cel ({—r)P tae S =, Fil 


whe 


wR 


ade 


rb 
<M ik Foeel@lee ian 


1 
ee uf. me 1J—1)41 dx = MB(u-—-1, b4+2), 


where w and - are the real parts of x and 6. As z>o this 
is asymptotic to Mr(b+2)u-®-?. Since the ratio of |xft| 
to wt? approaches 1 as r> ~, 


Le 


1 Pree 
lim yt teat —7)e lee @ | dt 0) 


Since B(x, 8 +1)~F(6+1) a 1, we have from (198) 


lim o-” f+ hy (2) = (—1)8 8 oF F(B+1) = g. 


Ls CO 


The asymptotic torm of /, (x) therefore holds, at least to the 
first term, near the positive axis of reals. 

To identify h,(~) with h(x), we need to examine its 
asymptotic form along rays parallel to the axis of imaginaries. 
Let «z>oo along any ray parallel to the positive axis of 
imaginaries; then arg v->/2 and the expression (196) 
approaches 


‘u(—log|x|+b)—2av, 


10* 


148 LINEAR DIFFERENCE EQUATIONS 


which is ultimately negative, even if «<0, since a and v are 
positive and v increases more rapidly than log |x|. Now 
let x>oo along any ray parallel to the negative axis of 
imaginaries; as arg x>—7/2, the expression (197) approaches 


uw (—loe el 0) ——2av (a as ): 


ls 
2 


since v <0, this is ultimately negative if a < 3; if a ‘ 
it is negative if «> 0 and positive if w<0. Hence hy (x7) ~ Sy (x) 
along all rays parallel to the positive axis of imaginaries, 
and also along all rays parallel to the negative axis of 
imaginaries if «@<. 3; it thus has the properties which charac- 
terize hy, (x). 

By a similar procedure we can identify g2(x) with g,. (7). 
From eq. (193) we have 


1 


whence in the upper half plane 

go (x) ~ Se(~) + — PP) S, (x). 
The dominant term depends on the exponents 

0, (log x-- log e — log « — 1) x, 
the real part of the second of which is 
(199) u(log |a — b) — v(arg w+ arg e— argo). 
In the lower half plane, if we take #<arga<27, 

Gs(x) See) — CL — PP) eS ey, 

and the dominant term depends on the exponents 


0, (log z+ log e— log « —1— 2772) zx, 
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the real part of the second of which is 


; : are x + argo — argo 
(200) w(log|a| — b) —2av\(- oat Kelis ceases Pie 


21 


From these we see that gs(z)~S2(~) in both the second and 
the third quadrant, except possibly near the negative axis 
of reals, where the asymptotic form of hs(~) does not hold. 

To prove that go(v)~ Sj (a) along rays near the negative 
axis of reals, set ¢ = — oc = ¢-™ ot in (188): 


Pie) il 


ga() = (98 ay" {et taree F de 


ea aa 
= (— 9)? (—o)® i Gee als, 


20 ae 
as {, cis {tzryP—Il1}e * ae| 


2 lee) 
ee) oy |r¢ a) 4 (f | { ems 


1 
<{Utezre—Il1te * a| 


Dien | Seen ee 
ee ee Pale C* ar SSS ee od (2 © d ‘A 
(atl) v 


a a 
24) rt {(1txr)?—I1}e 7 ae], 


mes (— 0)? CUE Gh 


The function [(1-+%7)®—1]/r is analytic between 0 and 2; 
let WM be its maximum absolute value; then 


“2 rb Pad | ) me 
i} eit Au 6 dG uf we © Noe 
| © 0 v | J) 
ae = : as | pti my 
<M | wee @ dt = MEH u4—1) = — “2m { : 
bey | (w+ 1) Fw+1) 


Since the ratio of |(~+1)| to F(w+1) remains finite as 
x—-e% along any ray parallel to the negative axis of reals, 
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ale 


— D) x p =e = 
lim P'(a-+ Df Le Coie ae : e 
0 


Ln 


The integral from 2 to « approaches O exponentially, on 
account of the factor 7”1. Hence 


lim o-*P'(@ +1) go (x) = 2mi(— 0)? = V 2a 5, 
Ln 
im i ee 
and since f(r + 1)~a*%e-* x? V 27, we see that g2(x)~ So(z), 
at least to the first term. 
To determine the asymptotic form of g(x) in the direction 

of the axis of imaginaries, let zo along any ray parallel to 
the positive axis of imaginaries; the expression (199) approaches 


u (log |a|—b) —22v(4—a); 


this is ultimately negative if a’<4, while if a — $ it i 
negative if «<0 and positive if w>0. Now let z>«x along 
any ray parallel to the negative axis of imaginaries; the 
expression (200) approaches 


if2) 


u(log #|—b)+2aa'v, 


which is ultimately negative. Hence in any case gz (xv) ~ S82 (7) 
in the sector 7/2 < arg(w—a) < 3m/2, and if a’<4 in the 
sector 1/2 < arg(a—a) <3 2; these properties show that 
go(x) is equal to g(a). 

Since (x), ho(x), gi (x), and go(x) are the principal 
solutions of eq. (177), the relations (191)-(194) give us the 
fundamental periodic functions, whose matrix is therefore 


wey (etm | 
(x) — | Cs e2hniv | e2 tx 1 : 
where 
(201) Cy erp] , ® = 1. Jes 


If # is a negative integer, we will define hi (v)-and “Gt (x) 
[eqs. (183), (185)] as the principal solutions in place of: hy (x) 
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and g, (7), and accordingly replace (8 -+- 1) by 7(B +1) in s, 
Jeq. (195)]. If we multiply eqs. 191) and (192) by 1—e273 
and let 2 approach a negative integer, both reduce to 
MW (x) I (7), 

Since Mo (x) lijn(x), it is represented asymptotically by 
Si (x) in the sector w<larga<—m. Along a ray parallel 
to the negative axis of reals 


Nis (7) ~| | | vi | (x) | Sb (x) 


ais in the general case, w(~) being a periodic function such 
that (a) Me~*"'"'; A similar statement holds with 
regard to gj (x). 

The expressions (196) and (197) are ultimately positive 
along any ray in the second and third quadrants respectively, 
so Ny (r)~e*"" SoC) in the second quadrant and h, (~) 
~ —Ph-)ie (2) in the third quadrant. Similarly (199) 
and (200) are ultimately positive along any ray in the first 
and fourth quadrants respectively, so ge(a)~—e«, S, (x) in 
the first quadrant and gs (a7)~aq ec 7" 8, (av) in the fourth 
quadrant, 

These solutions do not have “critical rays” like those of 
the corresponding solutions in the general case; the bound- 
aries between regions in which the asymptotic form is different 
are not straight lines, but transcendental curves, whose 
equations are obtained by setting the expressions (196), 
(197), (199), and (200) equal to zero. 

Analytic expressions for the intermediate solutions yi1 (7) 
and yi(xr) can be obtained exactly as in the general case, 


‘ 


namely 
pai’ | — e2tilw+p) 
WAN (7) Ii, (xr) 7 euivia: hy (x) | _ rnin WN (x) 
Bi ,, @+1z 


2 (—o)P 0” B(x, B 4 
e? (—o) 0” Bia, B- me Ny FNC) 


px 38 (8+ 1)(B+2)# fea 
| (OIC =e! 
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eat BE x 1 : 
Yi2 (x) = Ge (%) ++ oe gi (2) == 1 — e2mix hg (2) 
; 2 ed pz 
5 AR) 0) eo 
( ) I'(a +1) 1-(7+1) 
| B(B—1)x#* | 


7 eG) ee 
Both of these are analytic everywhere in the plane except 
tor simple poles at all points congruent to z= 0; yu (x) 
has zeros at x == ——1 and points congruent on the left. 

Another set ot formulas expressing the principal solutions 
as definite integrals may be obtained as follows. If in 
eq. (177) we set y(x) = z(~)/I'(a+8-+1), then z(z) satis- 
fies the equation 


(202) z(a+2)—[o(z+1)4+ o]2(a+1)+ oo(x+ B+ 1)2 (x) = 0: 


applying the Laplace transformation (138), we find that a 
solution of this is the integral 


a eats 
PUI J OTE (he Ole es ead, 
Ja 


provided @ and } are so chosen that 


= tp 
[pete v1 ({—o)P e @ i == (()\,. 


This expression vanishes at ¢=— 0 if R(a+8+1)>0; at 
t—o if R(@)<0; and at t= ©, provided too in such 
a way that R(t/e)>-+ 0; ie. if a line is drawn through 
/—0O perpendicular to the line joining 0 to oe, ¢ must 
approach oo in that half plane bounded by this line in which 
t — lies (which we may call ‘the half plane opposite —o”). 
Taking the limits 0 and co, we have the solution 


h' (x) | pe+p ({—o) B-le © dt: bes 


if o lies in the half plane opposite —e, we will take for the 
path of integration any ray in this half plane on which arg ¢ 


ee 
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has a value between argo and arge-+/2, and let arg(t—o) 

have values between argo and argos: otherwise we may 

use any ray in the half plane opposite —e, in particular the 

ray through —o, on which we will take arg¢ = arg(/—o) 

—=argo—. The integral is then valid if R(v+8+1)>0. 
Taking the limits 0 and o, we have the solution 


°C ae 
Nn" () = [ere toy Pee at; 


0 


the path of integration we take as the straight line from 0 to o, 
on which we will let arg¢ — argo and arg(t—o) = argo+ 7. 
The integral is valid if R(@)<0 and R(x+8+4+1)>0. 
Setting 4 = or, we have 


1 at 
h “/ (xr) == (SA (B+) ot | gr hy el Sie 4 ie € ° dv. 


0 
or, if we introduce the factor e? into the integrand and 
write o/o = x, 
oO 


pap Ui “1 
WG) ==" VET 6 eG” | tere (1 —7) A+ 4-0) de 
aoe: “1 
—— eM (p+) e ? on | ret pB (1 — «)-B-1 
J0 
<[t+4d—-2)4+ ..-]dr 
oO 
= Demet B Rt l 8) 


+*Bia+S8+1,1—)+.---] 
eg Cake) BES s) 


== eB) a ~e (8) 


C'(a+1) 
lee ese aes 
el erat) (lay 


Cee (=p) 
27(— oP 
oy bles 8 te) 


C1 Sy 


F(a + 8+ 1) he (a) 


(203) hg (ax). 
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Now take for the path of integration a curve L which 
starts at ¢ == © in the half plane opposite —o, makes a large 
negative circuit about ¢ = 0, and returns to « in the same 
half plane; this gives the solution 


t 


gf (x) = je p (¢ =e GO) a eo Q (dl ie 


valid for all values of x and 8. Let the arguments of f¢ 
and ¢—o decrease from near argo-++27 to near argo if o 
lies in the half plane opposite —o, and from near argo-- 7 
to near argo-—vz if it does not. Set ¢ = o/r; then 


° 
Ge) === 0 le NL eae ie aie 


where K is a curve which starts from + = 0 in the right 
half plane, makes a small negative circuit about r = 0, and 
returns in the right half plane (cf. Fig. 4, p.53). Let A be 
so small that [zr <1 at all points on it; then 


Aa) = 9 fem tet 


ee Jr (Behe =— 1 


gst 4 2 . 
| (5 oe!) wP@—2)4 | 


= ov l' (x) tele (8 =F 1) as 
E ike ee —— 1) 
a AA oe 
1. 2(%—1) (a — 2) a 
1 — e22ile+p) 


Paige : — Pea 8 Sl) gtx) 
e8 (— eh TB +1) Aes 
1 oe el ie ell) inca: 
Boe ed i, eas 
Sy : . 


(204) i (), 


xz 
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A fourth solution of eq. (202) is 
t 


ZC eh =| t?+P(t—o)P-le dt, 


where the path of integration may be taken as the prolongation 
of the straight line joining 0 and o if o lies in the half plane 
opposite —g; otherwise let us rotate this ray about ¢t = o 
in the negative direction until it extends into the half plane 
opposite —g. In the former case we will take arg ¢ = arg ({—o) 
—= arg o, and in the latter case take the values of the 
arguments which are between arg o and arg o—z. The 
integral is valid if R(s)<0. 

To obtain formulas for /’ (x) and g” (x) corresponding to 
(203) and (204), we need to derive the relations between the 


solutions of eq. (202). Suppose first that arg oe > arg o— 7/2, 
or 4 — 1; then o lies in the half plane opposite —e. Let us 
t 


integrate (+f (¢— 0)? e © over the contour © ABCDEFG« 
of Fig. 18, which is equivalent to ZL. It R(&+1)<0 and 
R(x+ 8)>0 we can let the radii of the ares AB, CDE, 
and FG approach 0. Let arg ¢ = arg(¢{—o) = arg o-+ 27 
on oA; then we have 


g(a) = ent g" (x) 


ere HM (a) +h" (2) —g" (a), 


or 
il eel ok Fp) 


ee YW " \' 1 
(205) 0] (x a bes _ emia h Ce or pees (ia: g AeA 


Integrate now over the contour HYGAIDE, taking arg t= argo 
and arg (t{— 6) = argo-+7 on HF; letting the radii of the 
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arcs DE and FG approach zero and that of HJ increase 
indefinitely, we have in the limit 


(206) h" (x) —g" (x) — fh (a) = 0. 


Putting in eq. (205) the expressions for h(x) and gq’ (7) 
given by (203) and (204), we have 


Pee Paes el) a (x) —L@ta+h) 


Hye: i = ERS, 
GAD) | —exiv ae s, 1 —@) a 


T(e+s+l) 


i Cy $4 (1 — e27ix) 


whence, by eq. (193), 


(x) 


[hs (x) — (2°? —1) g (x)], 


Fo+8t) 4g 


Cy §y 


(207) G (a) 
Similarly, by using (203) and (207) in eq. (206), we have 


P@+B+), gy F@taty 


h' (a) = ae = J2(x) 
Se Gee eee ae 
Cy $4 


whence, by eq. (194) for 4 = 1, 


(208) tg eee, 


1 


Consider now the case arg e < are o—7/2, or 24 — 0; 
o now lies in the half plane opposite +e. We can use 
Fig. 18 again if we interchange the points 0 and o. Inte- 
grating over the contour «A BCDEFGa, starting with 
arg¢t = arg ({—o) = argo-+7, we have 


gf (a) = — eH! (we) 4H! (aw) — 28 Hi" (a) +h (@), 
whence ; 


/ I vt / 
BAG) = a ae [eh (av) + g! (x)). 


* 


42 
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Integrating over the contour HFGHIDE, starting with 
arg ¢ = arg o and arg ({—o) = argo—a on EF, we have 


— enip h"' (x) a h' (x) +. g(x) === () 


These two equations lead by the method above to eqs. (207) 
and (208), which are therefore true for both values of 2. 

From eqs. (203), (204), (207), and (208) we obtain the 
desired integral expressions for the principal solutions of 
eq. (177), namely 


$1 rye) = 13D 
hy (x) = TC ey ee tebe Ora, erent 
[Ria +8+1) > O], 
t 
AY is Oy Sy rp oe —p—-1 7 © ] 
Ny (x) PG Saga) i, (t{—o) 6 Saat 


RA) < 0, R(w+8+1)> 0) 


as St Pes Pe 
nate) == | (TF (t= 0th € Code, 
Gr 8 4-1) ee 
“0 eZ 


ee aes 
[R(8) < OJ. 


The restrictions on # and 8 can of course be avoided by 
replacing the straight line paths by suitable contours. 

It follows by the same argument as in the general case 
that a necessary and sufficient condition for eq. (177) to be 
reducible is that either ¢ or c be zero. But c—1, so 
this is never zero; eq. (177) is reducible, then, if and only 
if ¢ —— 0, 1,6, if and only if 9 is ‘an integer. 

If 8 is zero or a positive integer, hy (x) and g2(x) have 
the respective forms 


Ome Ome : 
P@), =— P(a), 
Tee mt, lesen 


where P(x) is a polynomial of degree 8. If @ is a negative 
integer, hi(~y and gi(z) are both equal to e” P(x), where 
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P(r) is a polynomial of degree —8—1; the series S,(~) 
contains only —f terms in this case, and hi(r) = gi(a) = S,(a). 
Kq. (177) is never completely reducible. 

As an example, consider the equation 


(7 + 2) y(a@+2)—a2y(a+1)—y(x) = 0 


for which e = 1, >= —1, 6 =0. The formal series have 
the form 


Sa eee er Pe ie 
Senge a VE Pai J 
hee nee 1 
Seay ==) V Oe ta (—-1)*@ax ? (1 apr aes 
and the principal solutions are 
271 (—1)” 27e4(—= 1)? 
is) ee Get) = 
a Trae) - F(a2+2) 
*] aa wn 
(Co ; bg Gua Oi f COS ee Oe eae 
1 one 1 
(ee = [ ee UT oa ye pO * gt == ae 
‘ J 0 J 0 


where P(x) and Q(x) are Prym’s functions ($ 4, Chap. IJ). 


§ 2. Infinite roots. 

If one of the roots of the characteristic equation (101) i 
infinite while the other is finite and different from zero 
(i. e@., a = 0, a +0, a +0), or if both roots are infinite 
(i. @., d2 = a = 0, dy + 0), the hypergeometric difference 
equation (99) can readily be transformed into another equation 
of the same form for which the infinite roots are replaced 
by zero roots. 

Let a2 = 0 in eq. (99), and set x = —a’, y(—2’) = f(z); 
then 


by f (a — 2) + (—azax'’ +d) f(a’ — 1) + (—ap a’ + bs) tte) == 


changing a to x’ +2, we see that f(a’) is a solution of 
the equation nel 
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(— to % —2 a+ bo) f(a" +2) + (— aa’ —2a,+d,) f(e’ +1) 
+b f(a’) = 0. 


This is a hypergeometric difference equation, like eq. (99), 
but its characteristic equation is 


: 
ipO = 0,0 0. 


which has one zero root if a, +0, and two zero roots if 
a; = 0. The case of one zero root has already been dis- 
cussed (§ 1), and that of two zero roots will be taken up 
in $4; since y(7) = f(—~) is a solution of the original 
equation, the two cases named above require no independent 
treatment. 

The equation (96) satisfied by Prym’s functions P(x) and 
Qo(x) is an example of a hypergeometric equation with one 
root of the characteristic equation infinite. If we make the 
above transformation it becomes 


o(a' +2) f@'+2)—@'—et)f@+)—fw) = 0, 


which for ¢ = 1 gives us the numerical example considered 
at the end of § 1. 

Equation (202) also belongs to this type. The method by 
which this was obtained from eq. (177) suggests an alter- 
native procedure for replacing infinite roots of the character- 
istic equation by zero roots; if we set 


l ‘ 
bs [x fo +1] e(a+2)+ (mart d,) zla+t1)+ae(x) = 0, 


whose characteristic equation has one zero root if a 4 0 and 
two if a, = 0. 

It remains to consider the case where one root of the 
characteristic <equation is zero and the other one infinite 
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(i. €., dg = & = 0, a +0).* To obtain ‘a suitable normal 
form of eq. (99) for this case, set 
Ds 1 Db, bo 


== — Ox il. = 025 
(hy O; My ty 


we obtain thus the equation 


y(x+ 2)—o,(a+ 6, +1) y(w@+1)+%ey@) = 0. 


Now set x+o, =~’ and y(a’—o3) = f(a’); dropping the 
primes, we see that f(x) is a solution of the equation 


(209) yawt2j—a(¢+)y@+i1)+any(~) = 0, 


which we will take as our normal form. 
Kq. (209) is satisfied formally by the two power series 


S; (x) = ew GF e@ “#7 (s1 -- — — ete Je 
Soe) == eae : (s: == 


where s,; and s, are arbitrary constants, and 


If we set y(xz) = y, (x), y(a +1) = yo(x), we obtain the 
system 
fyde+1) = yx), 
Vye(w@ +1) = —any, (2) + 6,(@+1) yo (a) 


equivalent to eq. (209); it may be written as a matrix equation 


Y(w+1) = R(x) Y (a), 


. 


os 
‘ 


“TL ds = a = do = 0, eq. (99) reduces to one with constant coefficients 
(§ 4, Chap.T). The same is true if bs = b; = bb = 0, but the-a’s are 
different from 0. we : 


. 
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where 
' a | 
| 


| u | 
ae” oO,” e-* v2 10-4 -- | 
; | 
| / 
: Sto 
p-# 0) een (set ; | 
(210) Sr) | ’ 
1 c | 
| , + 92) 
| yt oy Qa a2 (se | -|- | 
6 | 
| tne af | 
ee Soo 
y He git ev" y 2 (8) -|- | aoe | || 
~ Fb} 
| sae gels , ; oe di oy ’ : J J 
where si St, S21 OV81, S21 9151, 812 ie Pe mera) 
sy» —= 028, ete. The determinant of S(@) has the form 
/ \ 
nae | 
Ss (x) | oO Ox d | | ce ; 
2 on ] 
where d 0, 8 8. The inverse of S(x) is 
| oy 
\| —_ " MI 
| y FY ¢ go ce ay rs (0 -+- |- oe | 
| | 7! 
| 
| : 0! 
> , 12 
| tages tnt Be.) 
(211) S*(x) / , 
; F 5 Ov] 
w 
|| at 
”) 
| ge? oe g—@ yo (0 -+- —-+ 
| a A 
where oj) 2/01 81, O21 L/s2, O12 1/0181, 


Oyo 1/0, 8, ete, 

We can form the matrix products /7,(~7) and G),(a:) and 
prove the first existence theorem exactly as in the general 
case and the case, Qg QO; the statement of the theorem in 
$1 remains trtie for the present case, except that all the 


11 
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limit functions are now entire functions, since neither F(z) 
nor R(x) has any finite poles. The limit of the determinants is 


D@) = DG) = 462 of = —_ 5 eo", 


from which we see that d = d” = .-- = 0 in the series 
S(a)| above. -In the details of the proof the @,; and @» of 
the general case are replaced by ©, 7/e and 02 e/x, but other- 
wise the changes required are slight. Similarly we can prove 
the existence of intermediate solutions with the usual properties. 

The principal solutions are defined asin §1. The asymptotic 
form of fy; (x) in the right half plane is given by (129) and 
(134), and since’s,; (x) contains a factor 7” and s;2(”) a factor 
x ~ the second term is the dominant one, except possibly 
along a ray parallel to the axis of imaginaries: hence 
Nyx (4) ~ 81 (a) and he; (x) ~ 83; (x) in the sector — a/2 < arg x 
<m/2, regardless of the value of the integer 2. Similarly 
Giz (4) ~sie(%) and go2(x)~Sa2(x) in the sector 7/2 < arg x 
<(37/2, regardless of the value of 2’. All these solutions 
are entire functions. 

The solutions /12 (x), oe (aw) and G11 (x), gai (w) are unique, by 
the same argument as in the general case, but not the solutions 
his (x), hoy (x) and go (x), goo(~), since 2 and 2’ are arbitrary. 
We proceed to determine as in § 1 what values of these 
integers give us solutions with properties as nearly as possible 
the same as those of the principal solutions in the general case. 

By (129), the asymptotic form of h(x) in the upper half 
plane depends on the factors 


7 om > OD) ap - A een 
r-* OF et Pix | an oa? ee. 


or on the exponents 


(—2 log x—logo,+logo.+2+2Azni)x, 0; 


the real part of the first is 


(— 2 log | x|—log | o, | + log | o, | + 2) x 
Qapo y» LL « 
; 2 arg x + arg o; — arg : 
2G} + [ — St ie Do als 2 
27 [A =}? 
27 ee 
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Keep w fixed, and let »> -+ © ; this ultimately becomes negative 
(whence hy; (7) ~ 814 (w)) if 


27 
even if w is negative; or, since arg 77/2, if 


are 0, — are’ 05 1 
anes eee 
If 4 is less than this value the real part of the first argument 
ulimately becomes positive. 

In the lower half plane 4 is replaced by 4—1; hence if 
we keep w fixed and let v>—o the real part of the first 
exponent ultimately becomes negative if 


2arg x-+ arg o, — arg 0, 
270 


A<1+ 


even if « is negative, or, since arg c>—7/2, if 


, — arg o,—arg 02 1 
A o— 2 ; 5) . 


a7t a 


If 2 is greater than this value the real part of the first 
exponent ultimately becomes positive. Since these inequalities 
are mutually exclusive, we cannot find any value of 2 for 
which 4; (~)~s,, (a) along all rays parallel to the axis of 
imaginaries. 

Similarly, g12(~)~ S12 (~) along rays parallel to the positive 
axis of imaginaries if and only if 

arg 6, — arg o, 1 


(Ee - 
as 26 2 


and along rays parallel to the negative axis of imaginaries 
if and only if 


pry the arg 0. — arg 0, ] 
gry Chee Renae a aay 


27 oe 


ks 
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Let us define 2 as the smallest integer which exceeds 
(arg o,—arg 0,)/2a7-+4, and write 


Beak arg 0, — arg 0» ree 
(1?) ,— Saree =. - ai a; 
then O<a<1. With this value of 4, hy (x)~s (x) along 
all rays parallel to the positive axis of imaginaries, but not 
along those parallel to the negative axis of imaginaries. 
Following the analogy of the general case rather than the 
case of one zero root, let us define 2’ as the smallest integer 


which exceeds or equals (arg o,— arg o,)/2~—4, and write 


MG arg 0, — arg oO, Dg oe 
My a on Sih, ny i a . 


then O<a@’ <1. With this value of 2’, gis (x) ~ sy2 (x) along 
all rays parallel to the positive axis of imaginaries, but not 
along those parallel to the negative axis of imaginaries. 

By choosing suitable determinations of argo, and argo, 
we may always have 


arg 0, <_arg og < argo, + 277; 
then 
2 arhoy;—-are os Ld 
5 OO Fe ee 
so 41 and 4’ = 0 if argo, => arg o.—2z, and 4 = 0 and 
WV’ =1 if arg o,<argo,—vz: in both cases 4’ = 1—a”. 


The solutions Ay, (~), ho (v7) and gs (x), goo (az) in which the 
above values of 2 and 4’ are used we will call the principal 
solutions, although they do not have even the limited degree 
of uniqueness possessed by the corresponding solutions in § 1. 

Since these two solutions cannot be identified by means 
of their asymptotic properties alone, we will make a direct 
determination by functiontheoretic methods of the form: of 
the fundamental periodic functions, so that they may. be 
identified by means of their expressions in terms of. th® other 
two principal solutions. a 


. 
. 
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In the matrix notation, H(«#) = G(a) P(x), or P(z) 
—= G" (wv) H(x), where H(x) and G(x) are the matrices of 
the principal solutions /j(~) and g(x), and P(x) is the matrix 
of the fundamental periodic functions. In any period strip 
in the left half plane the elements of H(z) and G(x) are 
analytic, and the determinant of G(x) does not vanish, since 
it is equal to D(x) = —s, 8 otto”; hence the elements of 
G@*(x) are analytic. The elements of P(x), considered as 
functions of z = ¢*""”, are therefore single-valued and analytic 
everywhere in the z-plane except possibly at z= 0 and z =~. 

In the upper part of the strip P(z)~S-!(%) S(ax), or, by 
(210) and (211), 


ge” ae is 
P(x e ss) ew) 
(x)~ O; x awe 
Wel eee tee) 1 


| Os e 


If we write Din) == (5 (2), this means for Pir (x) and Des (x) 
ling (p= olimneg, (G)—— 1 
z—>0 z—>0 


For py2(~) we have 


WN is (a) are OF On aug) 
oy bier alt? 2) > 


TL 
Write 27?” =(e 7x)” ec: the modulus of the first factor 
behaves like e“|/°“ at the upper end of the strip, so 


Hin prs (e) 0 65? 627 he Ph ae), 
LW” Z 
or, in terms of z, 
Th, CHS CO, ETE. b 
lim 2 (z) Ze en ane y (log z) ——- 0, 


z—>0 
where ) = log |, |—log|o,| +2, and g(log z) behaves like 
a power of log z. By (212) this may be written 


en ee 
lim ‘qie(z) 24-12 2 yp (log z) = 0; 
zZz—>0 
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since O< @ ~ 1, it follows that 
lim gz (2) 47? = constant, 


zo 


for the remaining factors are not sufficient to neutralize a 
pole of order as high as the first. By exactly the same 
argument we have for ps; (2) 


> 
4s > «nr — 
lim gn (z)z*z ™ e(leg 2) = OQ, 
z—>0 
whence, if @< 1, 
lim ga: (2) =-* = constant. 
zZ—>0 


From these limits we see that we can write 


Gi (2) = 1+Ke+---, 
Qaa (2) = 1+h2+ ss, 
ga(z) = AA*(qtazt---), 


gu) = A(ee tart ~.-) 


(213) _ | 


where the A’s and cs are constants. 
In the lower part of the strip 


He J et4—vaeeg@sar@) se) 
(2)~]| 9G—naae eg << 
€ g Se Sse 


here s,2 (a) and sze(2) denote the determinations of the series 
for arga near — w/2; if we take arge near Sa@/2 they are 
replaced by — &** sy. (2) and — e®™ g. (a); using the latter 
determinations, and using 4 instead of AA’ == 1 — A we see 
that H(x) is represented asymptotically by 


ale “thre g! (2) i S aw 
—. QRS yp B gS pF» 2F : 
a oO ze * —2A' Rie 
gF 2 e are o! (x) (0 + ~.-) O -— 0. 
The inverse of G(2) is aa. 
Gig = || &@ —m&}- ~~ 
G(x), | — Pax (x) Gur (@)| * 2 ih 
‘ 
wy one ; 
u 


1V.g INFINITE BOOTS 167 


where G(x) — 84,0," af, Sn the lower part of the strip 
“' (x) is represented asymptotically by 
o 4 id GY Ayal y (7) bys (ZL) — 20 AS) rhe q (x) 43 (2) | 
ya Os — fay (0) 85, (Z) 
4 
bie Gy i g oi gt 


f 
y / ° j 4 ra id ; 
Gu vate f(y) | Se ee Bu syabe ! (y\() 4 +++) 
I Be J 
j 
. fll a ae Q wit’ 20 ae 3 t 

Ky 4 


Combining these results, we see that P(x) is represented 
asymptotically in the lower part of the strip by 


go me | (x) 4! (x) (—|) PY! —ale q! (y)(—~1) | 


Gu i ; 
@ WS! Whi: q A) J 


Prom this we obtain directly the limits 


Jims 455 (Z) constant, lim ge2(z) 2+ = —1, 
GPS EPH 

Nima ye (2) 2-7 lisa Gx (2)? -— constant, 
EAD OPH 

Jims gos (2z) isn Yo (Z) 7% == constant. 
YFLo UPD 


Combining these results with (213), we see that q,(z) = 1, 
gee (2) =1—Z2, 12) = 427, Gr) = G2, whence 


J ie hjnir 
6 Ip ; 
(254) L(y) b pias | — ule 


The inverse of this matrix is 


{ | 1— gain — Pi-h)Kin || 
aw? I 


— boas ~ om , 
t—(1 -{- (4 ) GUL | —% ean J 
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but the elements of P~!(x) can have no poles, since G(x) 
— H(xr) P(x) and the elements of G(x) are entire functions; 
hence 1+¢4¢% =O and 


\| 
(215) P-(z) = 


1 — g2Mtr —( e (1—A) xia || 


Gs e2AnLr i | | 


The values of the constants ¢, and cy will be determined 
later (p. 170). 

Since the elements of H(z) and G(x) are analytic functions 
of o, and o as well as of x, the identity H(~) = G(x) P(x) 
continues to hold in the limiting case where a= 1 (i.e. 
argo, == arg 0, — 7). 

Applying the Laplace transformation (138), we find that 
eq. (209) is satisfied by the integral 


0, 


2h pect pecs 
i) fe % ef dt, 


a 


provided a and } are so chosen that 


This expression vanishes at ¢ — 0, provided ¢~+0O in the 
half plane opposite o,, and at ¢ =o, provided foo in 
the half plane opposite —o,. 

Let us take for the path of integration a curve AK which 
starts at ¢ == 0 in the half plane opposite o., makes a positive 
circuit about ¢— 0, and returns to 0 in the same half plane 
(ef. Fig. 19, p. 171); we obtain thus the solution 


: t Oy 


hy (xv) = | i ie o et aye 


Kh 


we will let arg? have values between arg o,—a and 
argo,-+a. If we set ¢ = —oyr = e*agr, a 


2 
hs (a) ORL Gt to Lette Tdi 
- » * 
é EARS hn! 
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€ 


where * = o,/0,, and the curve A’ is similar to K, but 
starts and ends at + — 0 in the right half plane; argv has 


values between —2z7 and 0. Expanding c*7, we have 


xe Ge 


° , 9 9 nl 
hala) = erage (1part oe b..}e Fae 


— — gone 
=e og] P(—2)—2 (1-1) — 57 (—2—2)- a 


ES x 
a+1 ! 1-2(@+ 1)(7+ 2) .| 


= — ir 9 F(—2) 


il 


dy 


(216) = 


2Ht 62 2 Pe: 
(a@+1) F ati ' 1-2(e@+)(@4+2) | 
This factorial series converges for all values of x, o;, and 
ee except «== ie ee 3, +--+, at which points the 
solution is, however, analytic. 

Let us now take for the path of integration a curve L 
which starts at ¢— © in the half plane opposite —o,, makes 
a positive circuit about {= © (1.e., a negative circuit about 
¢— 0), and returns to {= © in the same half plane, enclosing 
some ray arg? = 0, where arg o,—w7<0< arg o,+7; 
we may in particular take 6 = argo, (cf. Fig. 19); let arg ¢ 
have values between 6+ 27 and 4. We obtain thus the solution 


t 9% 
th (x) =f 6 ise ate 
Leemeeset..4 == 6, t 
Zz 


° = 


where JL’ is similar to L, but encloses some line in the 
right half plane (the axis of reals if 6 — argo,). Expanding 
Z 


e* and integrating, we have by eq. (70) 


bo] SN 


g(x) = oi [Fon + x0 (a— 1) + = RG?) ate | 


ar, “ ra | 
ay oe! | 7 z—1 . iol Gea =2) pee 
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This series converges for all values of x, 0,, and 0, except 


r= 123, oe even at these points the solution is 
analytic. 


If in eq. (216) we let > in the right half plane, we 
see that 


1 1 
hy) 2701 OF (Qn) 20+---); 


if in eq. (217) we let x— oo in the left half plane, 


1 


gi@\otate en 2 ted oe, 


hence /g(x)~ Ss (x) in the right half plane and y,(7)~S; (x) 
in the left half plane if we set 


4 = Vin, ~ = V2qi. 


It follows that ho(~) = hyo(x) and gy (x) = gis (x), On account 
of the uniqueness of these solutions. 

We are now in a position to determine the values of the 
constants ¢, and cy in the fundamental periodic functions (214) 
and (215). Expressing /,2(~) in terms of gi (7) and g(x), 
we have 


Nyo(a) = ey CO ate 911 (x) + A — ™) gra(ax); 


setting « = 0 in this equation, we see that /42(0) = « gi (0), 
whence 

oe M20) _ eg) _ Pet —x+ ---) 
gir (0) I (0) —=2707(1-— 24 -s:.} 


Sk 


It follows from the relation 1+ c¢ c =O that co —1. 
Using these values in (214) and (215), we have the relations 


| hay (©) = gri (x) + erie Gg, (x), 

[ns (a) See An Feem 5 (oe) adage) Ji2(@)> 
(gue) = 1-2") hia) — 2 Iya), > 
gis (a) = e-Drt j, (a) + Ine (x). | 


(218) 


(219) - 
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Consider now the solution 


Py) t 9» 
m (xr) | f13e %et dt, 
a) ( x 


where the path of integration is any straight line in the sector 
common to the half planes opposite o, and —o,;* i. e., the 
sector arg 6, m/2<argt< argo, —a/2 if A=1, and 
arg 0,—3m/2 < argt<argo,+n/2 if 4=—0. Consider 
first the case 2== 1 (Fig. 19). The contour L can obviously 
be deformed so that it consists of the straight line from « 
to 0, the curve K, traversed in the negative direction, and 
the straight line from 0 back to «. Hence 


gi (x) erin mm (y¢) —he(x) + m(z), 


Or 


(220) (1—e!”) m(x) Gs (a) + he (xe) = Gry (x) + yo (a). 


Comparison of this with the second equation in (218) for 
i =1 shows that m(7) = g(x). 


Nig, 19. 


Instead of taking the path of integration in m(x) as the 
straight line from 0 to #, suppose we start from ¢— 0 in 
the half plane opposite o, with arg / near arg o,-- 7, make 


* Slight modification of the path is required if arg o, = argo, + 27, 
so that the two half planes do not overlap. 
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a negative circuit about 0, and then follow the straight line 
to co (see the dotted curve in Fig. 19). Calling the integral 
along this path m’'(x), we see that 


m! (¢) == —he (x) + m(x) = gre (x) —Inz (2), 


and comparison with the second equation in (219) for 4 — 1 
shows that m’(x) = hy, (a). 


In the case 4 = 0 (Fig. 20) the contour Z can be moditied 
as before, and eq. (220) still holds. Comparison with the 
first equation in (219) s that mm (x) = hy (a). 
If in m(x) we take for the path of integration a curve which 
starts from ¢— 0 in the half plane opposite o, with arg? 
near arg o,— 7, makes a positive circuit about 0. and then 
follows the straight line to 0 (see the dotted curve in Fig. 20). 
we obtain the solution 


m' (a) = he(a)+ &** m(x) = Is (x) + 2" hy, (x), 


and comparison with the second equation in (219) for 2 —= 0 
shows that m'’ (a) = gis (a). 

These results give us definite integral expressions for all 
the principal solutions. In accordance with our previous 
usage, we will use the notation h,(v) and gs(x) for fas (2 ) 
and gio (a) respectively. 

By means of eqs. (218) and (219) we can study the 
asymptotic forms of the principal solutions in the ‘entire 


plane. We find by the usual methods that ah 
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— rh—iynie §. (x), —nm< arg x < —/2; 
h, (2) ~ 4 8; (a), iD are oe 7) 2° 
| erhtiv So (x) é a /2 : are m< 1; 
ka Mniz § (x), Oe are yer) 2: 
gs (x2) ~4 So (x), Re = aten< a2; 2: 
| — erin §) (x), Se ALO ae TT. 


As in the case of one zero root (§ 1), the boundaries between 
the regions where the asymptotic forms are different are not 
straight lines, but transcendental curves. 

Analytic expressions for the intermediate solutions yii(7) 
and yi2(x7) can be obtained exactly as in the general case, 
namely 


, Aria , 1 
Uae (x) = hy (x) oe 1 = curt hs (x) == 5 rs. pone Yi (x) 
z my 
ye if Ge etl - = —_——_ =O. ol lin, 
“1 wl lagers Fee Gaye! 
; e2(l-—h) mir , iI 
Yue (7) Yo (x) — is ponir Ii (x) a [( e2nia hs (x) 


2704 oF x x” | 
Petit 2+ "7 o@ri@er2 | 


These are analytic everywhere except for simple poles at all 
points congruent to «= 0. 

If eq. (209) is reducible, it must have a pair of solutions 
which are represented asymptotically by either S, (7) or Ss (x), 
one in the sector 0< arg «<2 and the other in the sector 
—n<carg x<_m, and whose ratio is a periodic function of 
the form (75). Let the series be S:(a); then one of the 
solutions must be /.(x); let y(~) denote the other, which is 
asymptotic to S(”) in the sector 0<arga#<2a. Consider 
the periodic function p(«) = y(x)/he(~); in a period strip 
sufficiently far to. the left y(~) does not vanish, since it is 
asymptotic to, (x), and h(a) has no poles, so p(x) does 
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not vanish; its numerator, is therefore 1, i.e., m — 0 in (75). 
The denominator consequently has only one factor, since 
m—n = m, and comparison of S:(7) with (44) shows that 
j= —1. Along a ray parallel to the negative axis of 
imaginaries, if we take arg 7 near 37/2 we have 7 (7)~2 (x) 
and h(x) ~ — e™ §.(x); hence lim ¢"" p(x) = —1, so 
G0 
By == Onan 


1 Ng (x) 
p(x) = ee O (x) = ae ae 


The denominator of y(a) vanishes when 2 is an integer: 
since y(~)~So(x) along the negative axis of reals, the 
numerator must also vanish at these points; but this is 
impossible, for if any solution of eq. (209) vanishes at two 
consecutive integers, we see directly from the equation that 
it must then vanish at all integers, and this is contradicted 
in the case of ho(x) by the fact that wy (~7)~So(x) along 
the positive axis of reals. It follows that eq. (209) can 
have no solution which is asymptotic to Sj(7) in the sector 
O<argx<2a. A similar argument shows that eq. (209) 
can have no solution which is asymptotic to S,(z) in the 
sector —a <arga<z7. Hence eq. (209) is never reducible. 
(The only exceptions to this statement are the trivial cases 
0, = 0 and o, = o, in which eq. (209) reduces to one of 
the first order.) 
The difference equation satisfied by Bessel’s tunction 
a \n og 


Pe y (—1)* gk 
ok a 2, QEE (in +tk+1)’ 


k=0 


regarded as a function of its order », is of the type considered 
in this section; it has the form 


y) 
y(n +2)—— (n+ 1 y(t + y(n) = 0, 


where » is the independent variable. Comparison with (209) 
shows that this is in the normal form with o, = 2/2. 
6, = «x/2. It has the solutions ae 


he(n) = 2aidIn(x), gi (mn) = —2Qriern J_, (xr), 


‘ 


‘ 
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Or 


Oras DnerCase "6; 6). 


Tf in eq. (99) az, a, and ap are all different from zero, 
but a?—4ap a — 0, the two roots of the characteristic 
equation (101) are equal, but finite and different from zero. Let 
¢ denote the common value of 9, and @, namely @ = —a,/2 a0, 
and make the substitution 


bs 
Pee ee a coy a), 


eq. (99) takes the form 


(2=-8-+7 +1) y@+ 2) 
= 0d Sta p aay 1) yet) 
+ e(x+y7)y(x) = 0; 


if we set xty = a2 and y(a—y) = f(x), then f(x) 
satisfies the equation 
a2 ee Oe Loin Pil) Yagil 

+ eay(e) = 0, 


2a 


(22 


which we will take as our normal form for this case. 

If we substitute in eq. (221) a series in powers of 1/x 
such as we have used in the previous cases, we find that it 
is in general impossible so to determine the constants that 
the equation is satisfied.* We are led therefore to try series 
of a different form; analogy with the anormal series for 
differential equations suggests the trial of a series in powers 
of 1/Vx, so we will set 

s 8 


/ re ‘/ ttt 
y(x) = a% OV" ge(s + Vice 3 aE Scr 


*'The case « = 0 is an exception; see the end of this section. 
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The expression eVnt2—V a ) may be expanded as follows: 


no 2 \1/2 db b b 
erat es vV a | (A+ — —1 ras - Ti 
oo Vaer2—-Va) — ¢ [( z | Va er are 
b (ima a dis bt 
— t 7 + ant Gel® © Daat T | 
b 
J f 2 73l2 
¥ bh b? pel i Led b 
ies va on |! ee e 2) 


and similarly with eV7+1-1~)-. otherwise no new difficulties 
appear, and we find that eq. (221) is satisfied formally by 
the two series 


p 1 / oll 
DOGG === S1 S| 
Ss (%) = 0” ee te ae ten sae 
V x #1 
* Tz = _ B = 25 ; 8 s 
So (x) Sas e2Vae Vey 9-4 [s ie ees eae .| ’ 
V x wv 
where 
Ss 4a? + 24a 68—12 8° pate ss St t 
= === —— CU 
Sy 48Ve@ S2 Sy 


The series are uniquely determined, except for the constant 
factors s; and Ss. 

Kq. (221) is unaltered when V x is replaced by —V x, so 
S, (x) must remain a formal solution after this change; and 
since the exponential factors go over into those of S.(x), the 
Whole series must become identical with S. (2) (apart from 
a constant factor), on account of the uniqueness of the latter. 
This shows that 


oh) lie) ) bs * 


ah ih, ele: : 


So S { ‘ 
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If we write the series in the form 


gy! \ a= pt 2a Va — —p-+ gs! 3” 
J® (2) = 0 e ; (V x) st Yen ee aia 


= = = apse 3! al 
SH (x) = o” e—2l a | re (— Vx) 2 f — | ee | 
Va e 


(taking s the same in both), then S’(x) and 8” (x) are inter- 
changed when x makes a circuit about the origin. Thus 
they represent two determinations of a single series, rather 
than two distinct series. 

The two series are also interchanged if V« is replaced 
by —Ve«. The ambiguity due to this can be avoided by 
choosing a definite determination for Ve. We may assume 
without loss of generality that « is in the upper half plane, 
since if we set 7 = —a2’—@8—1 and y(—a—f+1) 
=o f(z’) in eq. (221) we obtain a new equation with 
exactly the same form except that @ is replaced by —e. 
Accordingly we will take 0 < arge <a, andargV « = }arge. 
The coefficients in the series above contain « in their denomi- 
nators. so we will assume for the present that « +0. 

If we set y(x) = y%:(z), y@+1) = w(x), eq. (221) is 
replaced by the system 


yi(2+1) = y2(x), 
Ys (x-+ 1) Zs S earpen 
GGr ea pae yea 


which may be written as a matrix equation 


(223) Y(a+1) = R(x) Ya), 
where 
| 0 1 | 
R@= |. 2  e@xrers+l) ; 


r+B+1 e+ B+1 
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Kq. (223) is satisfied formally by the matrix of series 


S(x Ni —— Oe 2 4 


J | 
AVF VES Sq = Veen | S12 4 
We Ve (s+ oe +. Aig die “| 
> J AG 
a a df | , 
alam 21 25a Vas 22 
ea Ve (ss a > ek | ge VeVe [s: Gee ee sa: | 
| Vs | : | 
/ / eres 
where si = %, Si = Si, Sig = Se, Sio = 82, Sol = O51, 


sh = o(si LV a), 502 = 052, so = 0(83 —V @ 5), etc. The 
determinant of S(x) has the form 


d’ ah 
x) | = o2@ y-b-1 [4 ease Lees 
|S(x)| = ea (a+ = Pan ) 
where d= —2V a 05,80, etc. The inverse of S(z) is 
ae 
‘Sal (x) — g %y2 4 
| : = Cis | 
eae OS se s—2V a Ve | See .)} 
e 0. = ¢ O12 = 
| o Va ; Vea 
i. Ov. = Or |; 
AVE og t then) aT log tte | 
| a Va ap Vie | 
where o,, = —1/2Ve $1, 12 = 1/2V aes, 6, = 1/2Ves, 
039 — —1/2V @ 0 S82, ete. 


Kq. (223) is satisfied formally by the infinite products (113), 
and by forming the products AH, (a) and G@,(x) as in the 
general case and letting »— oo we can obtain two analytic 
solutions of the system (222). The first part of the proof 
requires only slight modification from that in § 4, Chap. IIT; 
thus eq. (115) is replaced by 


1 (a) R>(@) Tet 1) ~ 
at | ae re 
=|), le Alice Var Woy (x) Woo (a) » - 
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and we need to choose k > 5. If we write eV* — g, 
eV — ,, the formulas become still more like those of 
the general case; by our choice of Va above we have 
R(Va)>0, so lor! > [es |. 


The formula which corresponds to (117) requires investi- 
gation; the product to be considered is 


(ey eel fa 
Q% Oy Q 7) 


which may be written in the form 


? 


| % (ee aK Sos Goe 
co S1 ea SIRE ST @ CE Ep) Oo sl Sl—1 
lalallala 


of the subscripts 7, 0,---, 4 are 2, and the corresponding 
factors are equal to 1 in absolute value, so we need to 
consider only the factors 


Epri—& ae 
2 (2) 8 8 cavetienny, 
2 0; : 


12* 
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. 
these will be less than 1 in absolute value if the real part 
of the exponent of e is negative. 

It is necessary to consider carefully what determination 
of the radicals is to be used. Since 7, s,---, w are an 
increasing set of positive integers, the points x, #+71,x+8, 
-..,2-+w lie on a straight line parallel to the axis of reals, 
and the corresponding points § , §, §s, ---, &; lie on a rectangular 
hyperbola in the first and third or second and fourth quadrants, 
according as x is in the upper or lower half plane. As the 
subscripts increase, the points §; approach nearer and nearer 
to the axis of reals: Let us take —«= arex— 7 and 
arg Va = sarge x; then §; is in the first or fourth quadrant, 
and the real part of £;:1—§; is positive, while its imaginary 
part is negative or positive according as x is in the upper 
or lower half plane (cf. Fig. 21). Write §41—& = w+ 29; 
since 0 < arg Ve <m/2, we may write 


4Ve=atib (av 0 =. Os 
then we have for the exponent of e: 
—4Ve E41—&) = au+bev—i(butar). 


If x is in the upper half plane, » <0 and the real part of 
the exponent is negative, so all the factors in (224) after 
the first are less than 1 in absolute value. If ~ is in the 
lower half plane, v >0O, and the real part of the exponent 
is positive or negative according as v/w is greater or less 
than a/b. If we draw a straight line from the origin in the 
fourth quadrant making the angle tan~!(a/b) with the positive 
axis of reals, it will cut the hyperbola at the point where 
v/u == a/b; when Va lies to the right of this line all the 
factors in (224) after the first will be less than 1 in absolute 
value. Hence when x is in the upper half plane or in the 
lower half plane to the right of the straight line joining the 
origin to the point —«@ (which makes the angle a—arg « 


—=2tan-'(a/b) with the positive axis of reals), we have 


| (22)" (22) (@ i 3 i | ut | [ Qs lary 
Qi | ey Qn / 04 | = | Qj | 


a) 


* 


A 
\ 
ree 
| 
*"> 
ne 


ies 
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The second inequality here follows from the fact that 
es @ We, Vatr Vedas (| Ve Wali), 
€ 


aaa 
1 ) 01 


Nal 

where the real part of the exponent of e is negative or zero. 
The rest of the argument is essentially the same as in 
the general case; the part of the lower half plane to the 
left of the line from 0 through —e can be treated like the 
portion of the plane not in the region D of fig. 1. The elements 
of the second column of H,,(~) converge uniformly as n> 
to limit functions /4.(x), ies (x) which are analytic everywhere 
in the plane except for poles at 2 = 0, —1, —2, ---, which 
form a solution of the system (222), and which are represented 
asymptotically by s:2 (x), seo (x) in the sector arg « — 7 
<arga<a. The determinant | H,(x)| converges uniformly 

to the limit function 

D(x) = —2V ag, oH no) 

: Peel )y 


which is analytic except for poles at « = 0, —1, —2,.-., 
and is represented asymptotically by |S(x)| in the sector 
Se Oe 

Similarly, starting with the product G(x) [eq. (114)], and 
taking 0 < arg Va <7, we find that the elements of the first 
column converge uniformly to limit functions 4 (x), gar (x) 
which are analytic except for poles at x = —,1—8, 
2—£8,.---, which form a solution of (222), and which are 
represented asymptotically by si: (~), so: (a) in the sector 


O<argx<arga+a. The determinant |G,(x)| converges 
uniformly to the limit function . 
= Je Gs 
D(x) = —2 V o SS e2ett = (x) 
Peis B ==) 
which is analytic except for poles atx = —,1—£,2—8,.---, 


and is represented asymptotically by |S(z)| in the sector 
ee area 2a. pe i 

If we use the. other determination of Vz, Var, ete., 
so that &; is in the second or third quadrant, then the elements 


182 LINEAR DIFFERENCE EQUATIONS 


of the first column of H(z) converge to limit functions 
which are represented asymptotically by s:1(@), soi (~) in the 
sector arg a—a<argx<m. Since, however, the series 
511 (x), S21 (av) are interchanged with s19 (x), s22(~) when V zx is 
replaced by —V xz, the solution obtained in this way has 
the same properties as hy: (x), hoo(z). Similar remarks apply 
to: Gr@). 

No important changes are required if we allow « to be in 
the lower half plane instead of the upper. The roles of the 
upper and lower half planes are merely interchanged; e. g., 
hy (x)~8,2(x) in the sector —na<argx<arge-+a in this 
case (arg « being taken between 0 and —7). 

It appears to be impossible to extend to the case eo; = o2 
with any completeness the proofs of the existence of in- 
termediate and principal solutions such as we had in the 
previous cases. While some results in this direction can be 
obtained, they are so fragmentary that we will not take them 
up, but pass on to the integral and series solutions of eq. (221).* 

Applying the Laplace transformation (138), we find that 
eq. (221) is satisfied by the integral 


b als 
yo) = [eo @-er eed 


provided the limits are so chosen that 
r ao 7b 


Liv(t—ePttete |, = 0. 


This expression vanishes at ¢t = 0 if R(v)>0; at ¢ =o 

if R(@+8+1)<0; and at t = e@, provided f>e in such 

a way that R(e«e/(t—e))>—o; if we draw a line through 

¢ = perpendicular to the line joining e to (e+ 1)e, ¢ must 

approach @ on the side of this line opposite to («+ 1)e. 
Taking the limits 0, e@, we obtain the solution 


GO 


hA@) = iF t—1(t— 0)P 1¢ Fe dt, 


2 


* Cf. a forthcoming paper by C. R. Adams: On the Irregular Cases of the 
Linear Ordinary Difference Equation, in Trans. Amer. Math. Soc., probably 
vol. 30 (1928). 
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which is valid if R(w)>0. If argea</2, we can take 
the path of integration as the straight line from 0 to @ 
(Fig. 22); otherwise we will let 
it follow the straight line to 
a point near e, and then make 
a partial positive circuit about o, 


Fig. 22. Fig. 23. 


ending there in the half plane opposite («+ 1)o (Fig. 23). 
On the rectilinear part of the path we will take arg t = argo 
and arg (t—o) = arge-+ 7. 

If we take for the path of integration a loop 4 starting 
and ending at ¢ — e in the half plane opposite («+1)e 
and passing around ¢ — 0 in the positive direction, we have 
i A(x) > 0 


ao 
N 


(225) [es (¢— o0)P tet@ dt = ("*—1) h(a). 


Since this integral is analytic for all values of x, we may 
use (225) as the definition of h(x) when R(@w) <0. We 
see that h(x) has simple poles at x = 0, —1, —2, --.. 


If we set ¢ = ot, h(x) takes the form 


a 


(226) -h(z) == (—o)h oF [er “W({—7)8 6 I= dz. 
0 . 


Taking the limits 0, @, we have the solution 


ao 
N 


+g (x) = if: °—1 (t—9)P-1 ee dt, 


io“) 
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which is valid if Riv + 4)<1. If arg a >7/2, we can take 
for the path of integration the prolongation of the ray from 
0 to o (Fig. 23); otherwise we will let it follow this line to 
a point near g, then make a partial negative circuit about @, 
ending there in the half plane opposite (@#-+-1)e (Fig. 22). 
On the straight line we will take arg ¢ = arg (t—e) = arge. 

If we take for the path of integration a loop 4 which 
starts and ends at ¢ = ¢@ in the half plane opposite («+ 1)e 
and passes around ¢ = © in the positive direction (. e., around 
¢ = 0 in the negative direction), we have if R(a+8)<1 


a OQ 


(227) ii 7-1 (t—o)P-1 et-@ dt = (e+ P)—1) g(a). 
es 


Since this integral is analytic for all values of w, we may 
use (227) as the definition of g(x) when R(x+ 8) = 1. We 
see that g(x) has simple poles at z = 1— 8, 2—_ 8, 3-8, - - -. 

If we set ¢ = o0/v, and introduce the factor e® into the 
integrand, we have 


1 cua 
(228).9(a@) = —e* ort 8 ifs 2p (=~ hoe = wee 


If we take for the path of integration a curve A which 
starts at ¢ = o in the half plane opposite (#-+1)0, makes 
a small positive circuit about oe, and returns in the same 
half plane, we obtain the solution 


ao 
S 


a) {e ({— oP ete at. 


We will take arg ¢ near arg e, and arg (f—e) between 
arg («#e)— mw and arg («oe)+a. 
If we set t= e(1— at), or t—0 = — aor = &* aor, 
6 


1 
I(x) = (— a8 pr t8-1 (g cP—1A(1— ar)" e tar, 


where A’ is a curve similar to K about + = 0 (ef. Fig. 4), 
and argv has values between —27 and 0. Let K be small 
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enough so that |@r|<1 at all points on A’; then we can 
expand the second factor of the integrand by the binomial 
theorem and integrate term by term by means of (72): 


Ua) = eh o**8-*| _F(_p) + (@—1) @F(—8—1) 


(a—1) (a — 2) 27 
eae a? F(—8—2) pa 
— — eifp “oP ea r(—8) E at vaen 


i (2—1) (a@— 2) a? 4 | 
TZ ab 2) ny 
== O77 oF eur ia We 
rem (ir tea) 
ue eee) Ge ae | 
' 1-2(8+1)@+4+2) el 
This solution may also be written in the form e 
ee adie rere: 
hae) <2 70 2 oF e | 4 1 GED 


i eMC EP 1 Ih 


1-2 (8+1) @+ 2) 


These series converge for all values of a, @, and & except 

when £ is a negative integer, in which case the solution is, 

however, analytic. We see that /(x) is an entire function. 
Taking the limits 0, «, we obtain the solution 


ao 
SN 


clea) ceca 
mn) = ii A(t Oa eo? At 


) 


which is valid if R(~)>0O and R(w#+4)<1. The path of 
integration we can take as any ray from 0 to , except 
the one through t=; in particular, we can take the ray 
through — 0. « Let arg?t have a value between arge and 
arg o— 27, and let arg (t—o) be between argo and arge+ 27. 
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If we set ¢ = —or/(1—7) 
we have 


1 
mM (x) — e-& (Ca oy” C2 ey [ yet d —tr)-*-?P e&t dt 


*1 
aoe eo” eri(p r) o” LB a) get (1 —1)—*-B 


2,2 
(1 er+ = + ar 
—e-@ eT (B—@) Cnr [B (x, 1—xr— 8) 
+eBlr+t1,1—x—6)+--.] 


| 


is e-# BH grt+P-1 B(x, 1—x— 8) i+ pétay 
229 
1-2(1—8) (2—8) | ; 


x 


li we-leave the factor e~° 
solution in the form 


in the integrand, we get the 


m(x) = —e™'B—*) gr+P—-l B(x, 1—ax— 8) 
(230) A. : 
wHA—Da , @tA—Yebe—ae! , 
<fi- Tac -—+ : = d ee 
~(Le—/8) b-2(1-—5) 2-4) 


The series in brackets in (229) and (230) converge for all 
values of w, «, and 6 except when 8 is a positive integer, 
in which case the solution is, however, analytic. We may 
use (229) or (230) as the definition of m(x) when the integral 
is not valid. We see that m(z) has poles at x = 0, —1, 
—2,--- and at = 1—, 2—8, 3—£_.. 

We can express (x) and g(z) by means of partial fraction 
series, as in the general case. Let b be any point on the 
straight line segment joining 0 to e, and integrate over the 
contour consisting of the segment 0b, a loop & about g, 
traversed in the positive direction, and the segment 00, 
starting with arg¢—arge and arg(t—e) = arg a-+a. It 
L(x) >0, the integral over this contour is equal to (Le?) h (a) 
+ e*P (x); hence . 
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(1 — e"*8) h(x) + eB (x) 
b 7) 
— (1— rif) ii Pv ai+| er v@at. 


The last integral is an entire function, which we may com- 
bine with —e?*’? /(~) and write (1 —e?**) E(x). Hence if 8 
is not an integer 


b eee 
h(a) = E(a) i i+ (¢— oP * e*- at. 


Introducing the factor e“ into the integrand and expanding 
in powers of ¢, we have 
b Bee 
h(v) = E(w) + e-* (— orf eS F ee L 
2 
aay areas 
, («+ 8)?—4e—38+2 1 a 


2 
20 


t 


if ea bk ab 


= E(z)+¢*(—9)' in| 


a 0 ati 
_ (e+ 8—4a—38+2 dP | 
| 20° 2+2 


As in the general case, this series converges uniformly in 
the neighborhood of every point except x —0, —1, —2,.--., 
and hence represents h(x) even when R(x) < 0. 

Similarly, if we let ¢ be any point on the straight line 
eo and integrate over the contour consisting of the line «<, 
a loop k’ about e, traversed in the positive direction, and 
the line coo, starting with arg¢ = arg(t—o) — argo, we 
find that if @ is not an integer 


RON ee Dies ap ’ a! Lon (Ce l)e 
g(a) = EB’ (a+r eee ae Gee; 
(ef) 4e— 38-2] 0° | 
3 2 («+ B—3) (2 


where £’ (x) is an entire function. This series converges 
uniformly in the neighborhood of every point except 2 = 1—8, 


2— 8, 3—B,---. 
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To obtain the relations between the solutions h(x), g(x), 
I(x), and m(x), let us integrate over the contour ABCDEFA 
of Fig. 24, starting with arg¢ = arge and arg (t—e) 
= argo+ a; letting the radii of the ares BC and AF approach 
zero and that of DE increase indefinitely, we have in the 
limit 
(231) h(a) — eB g(x) — m(x) = 0. 

D 


ye 


0} F 
Fig. 24. 
Let us now integrate over the contour ABCDEFGHIJA 
of Fig. 25, taking arg? = arg(¢t—e) = arge—z on AB; 


“ 


Fig. 25 


letting the radii of the ares BC and GH approach.zero and 
that of JA increase indefinitely, and letting the points D 
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and F approach eg in the half plane opposite («+ 1)e, we 
have in the limit 


— e*'B m (ax) + e-?7"8 h(a) + U(x) — h(x) a CE Ve) == 0 
or, if we multiply by e*’? and combine terms, 

(232) (1 — e*"8) h(x) = — eB I(x) + (1— e+ PB) m (a). 
Eliminating /(~) from (231) and (232), we have 


(233) (—e*®)g(7) = —I(~) +0 — e**) m(a). 


Equations (232) and (233) give us the expressions for h (2) 
and g(x) in terms of /(~) and m(x), provided # is not an 
integer. If # is an integer, the solutions /(~) and m(z) are 
linearly dependent; we have namely in this case 


l(a) = A— &"”) m (a). 


Analogy with the previous cases suggests that the solutions 
h(x) and g(x) are equal to hys(~) and g(x) respectively. 
To prove that this is true we will use a method similar to 
that employed in § 2, Chap. II to identify f(x) with its 
integral expression. 

From the asymptotic forms of g:,(~) and /y2(x) we have 
for large values of x in the upper half plane 


Pe Ade ee Nes 2d 
fui a) = oP NOV ae 4 2 [she @), 
(234) ae ey 
Iys (x) = 0” OMe se? [s2 + €(x)], 
where lim ¢;(z) = 0 (j7 = 1, 2). We may write 
wae 


h(x) = p(a)gu(@) +9) hie (a), 


where p(x) and q(x) are periodic functions. Let us take 
argae<n/2; then the path of integration in (226) is the 
axis of reals from 0 to 1. Let x—o along a line parallel 
to the positive axis of reals and far above it; the integrand 
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in (226) approaches zero, on account of the factor 77—'; but 
ele V@ increases exponentially; hence p(x) +0, i. e., p(x) = 0. 
Let us investigate the absolute value of the integral in 
(226), taking R(~)>1. Since the length of the interval is 1, 
the absolute value of the integral is less than the maximum ab- 
solute value of the integrand. Since the integrand vanishes at 
both ends of the interval, it has its maximum value at some 
interior point. Let w, a,b denote the real parts of x, «, 6 
respectively; then the absolute value of the integrand is 


a 
cv ({ — 1) pine 


Equating the derivative of this to zero, we obtain the algebraic 
equation ; 


(ut b—2)2?— (Qutat+bd—3)r+u—1 = 0, 


and if w>>2—b the root between O and 1 is 


= 2utatb—3 a—V 4(uw—1) (wu + b—2) | 


‘ 2(u +b—2) (2utato—3y? 
a Va a—b+1 . 
ea es" ah 


If we use just the first two terms of this, and replace a and wu 
by @ and x, we have an approximation which is close for 
large values of z Hence the absolute value of the integrand 
(and so of the integral) is less than 


K f a ae) (veh 6-Vae Vaz | 
V x V x 


where K is a suitably chosen constant. We may write 


Va x—1 (v—1) log 1 = 
1— i. — @ : 
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hence for sufficiently large values of ~ in the right half plane 


| 


cee near 
eV Va gy? 2 


> Tl 
an 


| * OS 
a Peal —7)Phe Imwdr 


where A’ is a constant. Moreover, since we are taking « 
in the first quadrant, the second: equation in (234) holds 
throughout the fourth quadrant, so we have 


| ’ 


Q~* hyp (x) | ae) 


for sufficiently large values of ~ in the right half plane. 
Consider now the periodic function gq (7) = h(x)/hys (x); both 
h(w) and hys(~) are single-valued and analytic in the right 
half plane, and /y4.(~) does not vanish for large values of 
there, as we see from (234); hence if we take a period strip 
far enough to the right, q(x) is single-valued and analytic 
throughout the finite part of it. The inequalities above show 


that at the ends of the strip 
3 


SM: 


tO) ear 


where K” is a constant. Writing q(~) = Q(z), where z= e", 
we see that 


» 
oO 


| loge |4 
2Q@)| < K"\z - eee: 
eQ@)|< K"le|-|5°—| ; 
hence z@(z) is analytic at z — O and vanishes there; similarly, 


Q(2)/z is analytic and vanishes at zoo. Accordingly Q(z) 
has no pole in the entire z-plane, so it must be a constant. 

This proves that /(x) differs from /,.(~) only by a constant 
factor, and by giving the proper value to s. we can write 
h(x) = Iy2(~). Both sides of this equation are analytic 
functions of @ as well as of x, so the result holds when c 
is not restricted to the first quadrant. A similar investigation 
of the integral in (228) shows that if the proper value is 
given to %, 9(v) = gu(). 

This identification of h(x) and g(x) with /y2(~) and qi (x) 
shows that h(xz)~Se(x) in the sector arg e—a <arga <a 


* 
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and g(z)~S; (x) in the sector 0 <argxa<arge-+q.* Since 
these sectors both include the upper half plane, we can 
obtain the asymptotic forms of /(~) and m(x) there. 

By eqs. (231) and (233), 


(a) = (1-2) h(a) —(1— H+) g (a); 
hence in the upper half plane 
I(x) ~ S82 (x) — 8; (x). 


Vala 


The dominant term depends on the factors e —2Ve | on e 
or on the exponents —4V « Vx, 0. If we write 4V @=a-+i % 
(a= 0, b = 0) and | Va = Peay (u>0, v>0), the real 
part of the first exponent is —au-+ bv; this is positive if 
v/u> a/b, or arg x >m—area, and negative if v/u<a/b, 
Or area = 7 — areie. thence 


— 1S; (2), O< are x < w—are'e, 
l(a)~ E 
Ss (x), m—arga<argar<n. 
By eq. (231), ; 
m (ax) ~ 85 (a eB S (a) 


in the upper half plane. The exponents are the same as 
for /(x), so 
—eB 5 (x), O<argx<a—aree, 


m(a)~ 
i) | So (x), mu—argea <arga<m. 


If « + 0, eq. (221) is never reducible. for if it had a solution 
in common with an equation of the form (38), this would be 
represented asymptotically by a series of the form (44), which 
would be formally a solution of eq. (221); but eq. (221) 
is not satisfied by any series of this form. 

If @ = 0, as noted at the beginning of this section, the 
series Si (7) and Sy(x) break down, but eq. (221) is satisfied 
by two series of the same form as in the general case, namely 


* For another method of obtaining the asymptotic forms of the integral 
solutions of eq. (221), which is too long and complicated to be given here, 
but which leads to more extensive results, see a paper by Galbrun, Bull. 
Soc. Math. de France, 49 (1921), pp. 206-241, 
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iS (@) =e" 61, 


8" (a) eatal1— AG) 4 .| 


where sj and s) are arbitrary constants; all the coefficients 
in S’ (a) vanish except the first. 

One analytic solution is obviously s;e7; two others are 
obtained if we set a =O in eqs. (226) and (228), namely 


1 


h(x) ( 0) te" | ve 1/ i} t)p-1 dv — ( 0)P—! 9” Bla, 8), 


0 


+] 
go) =— ert x °-R 2) Md = — 9" PAB 8,8); 


0 
these differ only by a periodic factor: 
2Thie 


g(x) ; os ore h(a). 
If we take s; = (—o)?-11F(@), then h’(xz)~S8"(x) in the 
sector —w < arga <a, and g(x) ~ S’'(x) in the sector 
Y<— argorv< 2. 

Since 0”, h(x), and g/(x) all satisfy equations of the 
form (38), eq. (221) is reducible. Hence a necessary and 
sufficient condition that eq. (221) be reducible is that « = 0. 


A. Tne case: 0, =" 0; = 0), 

If in eq. (99) a = a = 0, but a, +0, both roots of the 
characteristic equation (101) are zero. This case presents 
even greater difficulties than the previous one, and the results 
obtained in the present section are far from complete. 

If we set 


by by bo 
tm yt?, tae, 2 = —s, 
As Og As 


eq. (99) takes the form 


(n+ y+2) y (x + 2)—ay (x +1)—oy(x) = 0; 


18 
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if we write c+ty—~2’, y(a’—7) =f (@), then f(z) satisfies 
the equation 
(235) (g+-2) y(@ + 2)—ey(@- 1) — oye) —0, 


which we will take as our normal form. We may assume 
that @ and o are both different from zero, since otherwise 
the equation is equivalent to one of the first order. 

We find by trial that if we substitute for y(x) a series 
of the form 


wo / i 
GE gh em~meE el L vl [ + vs ; : 


8 
Ve « 


the constants can be so chosen that eq. (235) is formally 
satisfied; we obtain in this way the two series 


i a es eV a 1 ef Pd 
Sila) = 2 ? (Vo) e? eV e 2 /4.+—7-4— 4...) 
Via x 
1 e 1 7 _ al 2 iL. . ' at 
: mak Vie \oikoe pa So S: 
Sa) =a (Vales Vo 2 [at tet ..d, 
fo L 
where 
St et 6 ao sb S 
== = = AACS 
Sy QAo V oO So Sy 


The series are uniquely determined except for the constant 
factors s, and s,. As in § 3, 


0) Uy) 
"2 wr Su 
= (—1)} : 
Ss $, 
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it is clear that they are interchanged with each other when 
wx makes a cireuit about the origin. 

The two series are also interchanged if Vo is replaced 
by —Vo. For definiteness let us take 


2 2 
ct d a 1 a 
—m<are— <a are —— = ar E 
5 0 ’ Ol Vo D) ¢ g oO ’ 
then 
i ae Ct , a 
2 V o a V o 


Setting y(z~) = y:(x), y(x@+1) = w(x), we obtain the 
system 


[ (x+1) = &% i 


236 
NG) = 44 
ai, = 
which may be written as a matrix ee, 
(237) Viger 1) == Aa) Vic), 
where 
1 
a o a 


RODE «Gi AED? 


Nq. (237) is satisfied formally by the matrix of series 


By bee aad 

Biagt= 7 = e oe 4 

| a Ts ay “Vx 

_|Voy e Vo (84, +---) C=Valee Vo (stg +---) 

| Va ; e “Vx 4 

Wee eV Guta), se Veo el ahe ieee) 
where 8, =, Si =, 1 = 0, s —=Vo, oh = Vosi 
5 a 1/2, Nees Sto = 83, 329 = 0, $9 = Vo S25 8h 

ei 0 9-1-0 53/2, etc, The determinant of S(a) is 
> ea A ; an A Oe 
LS(e)| a=. © (— 0)” & x ?(a44 Sa =e ee 


13* 
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where d = —2V 05,5), etc., and the inverse matrix is 
Jap Bee 
SQ) ae Fes 
Bev a _ Wax | 
(Va) "e Vo (o.+---) (Vo ee Vo (Oyo +-++) | 
SS | : 


oVx “Vax | 


(Vey FeV. Cyd) nV oe es eee! 


where oy — 0, O14 == 1/2s1, 63) = 0, 6, = Lise O12 
—=1/2V 06%, 2, = —1/2V os, ete. 

The work of obtaining analytic solutions of the system (236) 
from the matrix products H,(~) and G,(~) is practically 
identical with that in § 3; in the formulas ct!“ is replaced 


20 V xe 
by (—1)"e Y@ , but this does not necessitate any change 
(04 oe a 
in the argument. If we write eV —o,,¢ VO = 0s. the 


product corresponding to (224) has exactly the same form. 
and can be treated in the same manner. We find that if 
we take —a/2<arg Vx < 7/2 the elements of the second 
column of H,(~) converge uniformly in the neighborhood of 
every finite point in the plane to analytic functions /y4, (7). 
Nig (x), which form a solution of (236), and which are re- 
presented asymptotically by s,2 (7), sso(~) in the sector arg @*/o 
—m <arga<wm if @/o is in the upper half plane, and in 
the sector — 7 < arg x < arg a*/o+ 7 if e*/o is in the lower 
half plane; the determinant of H,(7) converges uniformly to 
the limit function 


eS Par we 
D(x) = —2V2nos, i as 


P(@+2)’ 


which is analytic throughout the finite part of the plane 
and is represented asymptotically by |S(x)| in the sector 
—n<argu<nm, If we use the other determination of 
Va, the elements of the first column of H, (x) ‘converge to 
an analyte solution. Similarly, if we take O<argeV2<a, 
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the elements of the first column of G,,(a) converge uniformly 
to limit functions 91: (7), goi(~) analytic except for poles at 
x = —1, 0, 1, 2, ---, which form a solution of (236), and 
which are represented asymptotically by s,; (a), so,(x) in the 
sector 0< argx< arg «@’/o-+ 7 if «@?/o is in the upper half 
plane, and in the sector arg @/ota<argx<2n if «?/o 
is in the lower half plane. The determinant of G(x) converges 
uniformly to the limit function 


which is analytic except for poles at x ——1, 0, 1, 2, --., 
and is represented asymptotically by |S(x)| in the sector 
Os are 7 <2 7, 

Applying the Laplace transformation, we find that eq. (235) 
is satisfied by the integral 


a oO 


y] a 
y (x) = [eo e* ext’ dt, 
¢ 


t 


provided the limits are so chosen that 


a, ob 
| pete et. ab — 0. 


This expression vanishes at ¢ = © if R(~)<—2, and at 
t = 0, provided t>O°in such a way that R(a/t-+ 0/22?) 
—+—o; this is the case if ¢>0 in either of the sectors 


— 


2) au 
ate) om ge SONS ee ee 


a 


im {So 


? 


BE: 
4 
70 al 37 

are o = n =< arg t =< 9 arg ot 


bo 


i. e., in the quadrant containing —z Vo or iVo in Fig. 26. 
Taking for the path of integration a loop J, which starts 
at ¢ = O in the quadrant containing iV o, passes through 
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the quadrant containing 
V o inthe negative direc- 
tion, and returns to O in 
the quadrant containing 
—iVo, we obtain the 
solution 


‘Vo 


a oO 


fVe) hia) =|. tf? et ext dt. 


We will let arg? have 
values between 4 argo 
+ n/2 and sargo— 7/2. 
Ii we set 


then 


: x 5 1 
mee ee 
= ES NET MET hie 


‘ where x’ = «V2/V —o; K isa curve like that in Fig. 4 
(p. 53), and argv has valftles between 0 and—2a. Expanding 
the second factor of the integrand and integrating term by 
term, we have 


1 Oo ze = oa — 1 rf 
nor SE-3) [P-s)verh- 8 
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If we write x = 7x'/V 2 = a/Vo, h(x) can be put in the 
form 


These series converge for all values of x7, @, and o; the 
solution A(x) is an entire function. 

Taking similarly a loop J, which starts at ¢ = 0 in the 
quadrant containing — iV o, passes in the negative direction 
through the quadrant Oitanie Ve. and returns to 0 in 
the quadrant containing 7V o, we obtain the solution 


W(x) =I. fra ie oF at. 


We will let argt¢ have values between dargo+3,/2 and 
sargo+n/2. Setting 


38rt 
_ \oF- Ve 


we ae Pad 1 
o) —-1 ——— —— 
2 155 
fie eat ee at. 
K 


Loree ( 2 
2 


Expanding the second factor of the integrand and integrating, 
we have 


we have 


W (@) = 


18 
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IP(~s)|t+ ar 


xt 
+ ay 2 @—2) + vee 


(239) 
+iver(t-2\[4+2@—y 
ae i (2—1) (#—3)+ -- |. 


Instead of the loop J; or Jz; we can use a curve Ay which 
begins at ¢— 0 in the quadrant containing —7 Vo, makes 
a complete negative circuit about ¢ = 0, and returns to 0, 
starting with arg ¢ near Sarg o+37/2. KK, is obviously 
equivalent to J, followed by J,;, so we have for the solution 
i(x) obtained in this way 


(240) I(x) = h(x) +h'(2). 


Similarly, if we use a curve AK, which begins and ends at 
#0 in the quadrant containing iV o, making a negative 
circuit about ¢— 0, and start with arg ¢ near $ arg o+ 7/2, 
we obtain the solution 


(241) (aw) = h(a) + e227 j' (x). 


Both /(x) and /'(x) are entire functions. 

Another solution is obtained if we take for the path of 
integration a straight line from 0 to «© in the quadrant con- 
taining iV o (in particular, we may take the line through 7V o ): 
this gives 


clea) == 


g(x) = j ae i e' et dt, 


in which we will let arg ¢ have a value between $ arg o+ a/4 
and $ argo-+-37/4. The integral is valid if R(7)= 0. If 
we set 


. 


IV, 4 THE CASE 0; = 0, = 0 201 


then 


i ee (cree at 
g(@) = alee 9 nat PEE oars 


where argv has a value between 2/2 and —z/2. Expanding 
the second factor of the integrand and integrating, we have 


a oe he 40 
: | / 
4 PATS 4 


wo. 


vo HS) fr 


{ r 
1 o 2{ ; x” 
ae e) [t+ ore 
np 
re Fe —2) + iC 
ye fal Qe 2? 
—iVar(—2)|.4 7 @—1) 

x | 

+ 2 @—1) (w of 


Taking similarly a straight line from 0 to 9 in the quadrant 
containing —i Vo, we obtain the solution 


02 ee 
fa) = it oO ee Mi he 


which is valid for R(w)<0; we will let arg ¢ have a value 
between 4 argo—3a/4 and }argo—a/4. If we set 


J a 30 pee Ve 
! a mn y— Tin eee So ve 2 pies ir e 
g (x) So 2 € U ( 9 , U e ( d be 


where arg t-has a value between 7/2 and —7/2. Expanding 
and integrating, we have 
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tai lg 
—tom bs) [Sie 
(243) | re 0 | 
4ivor(t—2\|,4 2-9 
zac 1) (x a +..[p 


Eqs. (242) and (243) may be used to define g(x) and g’(a) 
when F(x) > 0; we see that both solutions have simple 


poles at ca On Lo = 


Fig. 27. 


We have already expressed /(@) and /'(x) in terms of h («) 
and h’(x) [eqs. (240), (241)]. To obtain the relations between 
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the other integral solutions, let us integrate over the contour 
ABCDEA oft Fig. 27, starting with arg ¢ near 4 arg o— 7/2. 
If R(x)<0 we ean let the radius of the are BCD increase 
indefinitely; we may also let A and # approach 0 in the 
sectors containing —iVo and iVo respectively; then we 
have in the limit 
g(x) — g(x) +h(w) = 0, 

or 


(244) h(w) = g(u)—g'(2). 


Similarly, if we integrate over the contour FGHIJF, 
starting with arg? near 4 argo—7/2, we find that 


gi (a) ~ e2* g(a) —e** Wa) = 0, 
or 
(245) hi (a) = —g@) +e?” 9g’ (a). 


Since both sides of (244) and (245) are analytic functions 
of x, we can drop the restriction R(7v) <0. 
Solving these relations for g(~) and g’(x), we have 


err h(a) + h' (x) h(x) +h’ (x) 


g (x) ss {2 enix 8 é ( r) ae | —e 2x 


Another set of integral and series solutions of eq. (235) 
can be obtained by the same method as in §1. If we set 
y(e) = e(v)/F(a@+1) or z(v)/F(a@+1), eq. (235) becomes 


(246) 2(v+2)—ez(7+1)—o(e@+1)z2(x) = 0. 


The Laplace transformation applied to this yields the solution 


b Ue eS ihe 
CNG) Ween nomena AY. 
x ng a 


provided the limits are so chosen that 


oa 
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This expression vanishes at ¢ = 0 if R(x) >—1, and at 
¢ = 0, provided t> o in such a way that R(et/o— #?/20) 
—+—o; this is the case if too in either of the quadrants 


ae ROE = BAS i arg 0 eB 
Gael oey eon ree 
il 31 it Dm 
9 argo + <argi< 3 argo+ 7, 


i.e., in the quadrants containing Vo or —Vo. 

Taking for the path of in- 
tegration a line J; which starts 
-at ¢ = oo in the quadrant con- 
taining —Vo, crosses that 
containing 7V oc, and returns 
to © in that containing Vo 
(Fig. 28), we obtain the solution 


Bs Ee 
2 (ap) == t” e Oo e 20 dt. 
Oa 


We will let arg ¢ have values 
between 3 arg o-+-7 andd argo. 
If we set t= V 2o/r, 


where A’ is a curve of the same shape as before, traversed 
in the negative direction, and argr has values between 0 
and —2m. Expanding the second factor of the integrand 
and integrating, we have 


1 a fx sans fo \ - 
Now ee |) (5 +5 )4+ Ver (S41) 
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ie Bes r 1 
See) i (s- sft Fe ee 


a =a +1)@+t3)+.. | 


+V2 etl are +2) 


-@+2)(e4 AN: all 


These series converge for all values of x, @, and o. 

Taking for the path of integration a line Jz similar to J{ 
but crossing the quadrant containing —iVo in the reverse 
direction, we obtain the solution 


Chie net 
2y (x) =| Goes Saree AOR 


here we will let arg ¢ have values between dare o and 
sargo—a. If we set 
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Instead of the lines J/ and Jz, we can use loops LZ; and Lag 
which start and end at ¢— © in the quadrants containing 
—Vo and Vo respectively and pass around ¢t — 0 in the 
negative direction; these yield the solutions 2, (w) + 2 (a) and 
& (@) + Oey (2). 

If we integrate along a straight line from O to © in the 
sector containing Vo, we obtain the solution 
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valid for R(x) > —1; we will let arg ¢ have a value between 
4 arg and 4 argo+a/4. Setting == V 2or, wehave 
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Integrating similarly along a line from 0 to c in the 
sector containing —V o, we have the solution 


t 


24 (2) ={- Mg ea 


in which we will let arg ¢ have a value between 3 argo+ 3/4 
and 4 argo-+57/4. If we set 
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Iv, 4 
t= —V2or = V 2or, 
then 
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By dividing these solutions of éq. (246) by Z(#+1) or 


T'(a+1), we obtain solutions of eq. (235). If we write 
(ie = eS (2 +1)+ ie (pte) Gata ee 
fia) = 2+ 4+ D+ ECF D4 940 


these solutions may be taken as 
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ape ACD ota 
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B Cl H @(a) and G(x) have poles at 

i= 00152, 3, =a wale wna 

and H’ (x) are entire functions. 

To obtain the relations between 

Wo these four solutions, let us inte- 

erate overthe contour ABCDEFA 

of Fig.29, starting with arg ¢ near 

pi ly sargo+a. If R(x) >0 we can 

let the radius of the are DE 

ae | approach 0; we can also let the 

points B, C, A, and F' move off 

indefinitely far; then we have 

in the limit 

|-Vo 2; (2) — es (x) +e Pe — 0- 

Integrating similarly over the 

contour GHIJKLG, starting 

with arg¢ near darg o—az, we 
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These relations are identities between analytic functions, so 
we can drop the restriction R(a) > 0. 
From these equations follow the relations 
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A(a) = G(x)+e G' (a), H"(x) = &™ (G(x) ti G' (a). 


Git) == AO hetel 2) FG) = 


jis ermine 


IV, 4 THE CASE 0; = @ = 0 209 


N 


We have now considered all the irregular cases of the 
hypergeometric difference equation, though it will be seen 
that much remains to be done in the way of coérdinating 
the results of the present section into a systematic theory 
of the case where both roots of the characteristic equation 
are zero. 

The student who desires to go further is now in a position 
to read the original memoirs on the theory of linear difference 
equations. The general theory of systems of » linear homo- 
geneous difference equations of the first order, based on the 
matrix method used in Chapters II] and IV, is contained in 
a paper by Birkhoff (General Theory of Linear Difference 
Equations, Trans. Amer. Math. Soc. 12 (1911), pp. 243-284), 
The corresponding theory for a single equation of the nth 
order was worked out by Carmichael (On the Solutions of 
Linear Homogeneous Difference Equations, Amer. Journ. 
Math. 38 (1916), pp. 185-220). A treatment of non-homo- 
geneous equations vy Birkhoff’s methods has been given by 
Williams (The Solutions of Non-homogeneous Linear Difference 
Equations and their Asymptotic Form, Trans. Amer. Math. 
Soe. 14 (1913), pp. 209-240). On the other hand, fundamental 
use of the Laplace transformation is made by Noérlund, who 
bases his study of difference equations primarily on the 
properties of the differential equations into which they are 
transformed (Sur les équations linéaires aux différences finies 
a coefficients rationnels, Acta Math. 40 (1915), pp. 191-249). 
In a recent book (Vorlesungen tiber Differenzenrechnung, 
Berlin, 1924) Noérlund has summarized the results of numerous 
investigators who have dealt with problems more or less 
closely connected with linear difference equations, with full 
references to the sources. 
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